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the interests of research mathematicians, teachers of mathematics and 
others interested in the subject. 

Expository papers on modern fields of research will be emphasized. 

Immediate publication is made possible by two devices: 

First, research papers are published without the delay of refereeing, 
and then discussed in succeeding issues (see "Current Papers and Books"). 

Second, authors have the opportunity to pay the printing costs of 
extra pages for their articles instead of waiting for normal space. This 
privilege applies, also, to expository papers which have been accepted 
by the editors. 

Because of the wide variety of papers to be published, it is highly 
desirable that each introduction should state what the paper accom- 
plishes, and that each paper should be accompanied by a general state- 
ment of what mathematical training is required to read it. 

All manuscripts must be typed on S" x 11" paper, with 1" margins 
and double-spaced. Duplicate copies should be sent to us. 

For further information concerning the objectives and policies of 
the Mathematics Magazine see the headings of thevariousdepartments 
and inside of back cover. 

Executive Editorial Committee: 

D. H. Hyers, University of Southern California 

A. D. Michal, California Institute of Technology 

Glenn James, University of California at Los Angeles 

Note: The last issues of the National Mathematical Magazine were 
Vol. XX, Numbers 1 and 2, October and November, 1945. Since this 
is a new series, we are starting this September-October issue as Vol. 
XXI, No. 1. As a fLfrther convenience for librarians and reference 
seekers, colors of succeeding volumes will be varied. 

A subscription card enclosed in your magazine is an invitation to subscribe or to 
renew if you are a subscriber. 
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This magazine is very much interested in the synthesis of pure 
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ematical articles or topics for 'vhich they desire us to secure authors. 
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Orthogonal Polynomials and Polynomials 
in Genercal 

by J. A. SIIOIWAT 

I. RoleofPolynomialsinAnalysisand itsApplications. Polynomials 
i. e. functionsof the type (1) y =a+alx+ ..+a ?x, n a positive integer or 
zero, are familiar to us from our high school days. They serve us early 
as a working bench for mastering the fundamental algebraic operations 
and a little later, for n=2, we meet them in the study of quadratic equa- 
tions and their graphic solutions. In College Algebra we deal extensive- 
ly with (1) by learning first how to differentiate and integrate " powers, " 
and later, at more advanced stages, we again meet (1) when dealing with 
Maclaurin's Formula and Power Series. In Applied Mathematics the 
importance of polynomials cannot be overestimated. When the engi- 
neer, the physicist, the statistician, the physical chemist try to repre- 
sent analytically results of experiments or observations, what we call 
"'empirical functions", he first resorts to polynomials, using expres- 
sions of the type 

(2) a+bx, a+bx+cx2, a+bx+cx2+dx3,. 

Our "Tables", mathematical, physical, and so on, are mostly computed 
jn this imanner. 

One is inclined to say that in all such cases we use polynomials only 
because they are the simplest type of functions. However, simplifi- 
cation is often poor justification. Fortunately, we have a strong foun- 
dation upon which we can build the use of polynomials in Pure and 
Applied Mathematics. First, when dealing with analytic functions, 
that is, with functions representable by power series, we naturally ob- 
tain their polynomial representation by taking a certain number of 
initial terms in the corresponding Maclaurin (or Taylor) series. But 
the class of analytic functions, however important, is very limited, is 
but a tiny island in the vast universe of functions. Moreover, in appli- 
cations we seldom expect our functions to be analytic. Here com-es to 
our rescue the celebrated Weierstrass' Approximation Theorem, given 
in 1885 by the great German mathematician Weierstrass (1815-1897), 
the father of modern rigour in Analysis. We state it as follows: 

Let f(x) be an arbitrary continutous futnction defined on a finite inter- 
val (a,b). We can always approximate f(x) as closely as we please on the 
whole interval (a,b) by a polynomial of sufficiently high degree. 
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Roughly speaking, we may say that a continuous function over a 
finite interval may be treated very much like a polynomial. The theorem 
is far reaching. Indeed, it requires only the continuity of f(x), and 
we know how complex, how "pathological" may be the behaviour of a 
continuous function. It may have no derivative at any point of its 
interval of definition, it may have therein infinitely many maxima and 
minima, so that the corresponding curve will nowhere have atangent 
or will have infinitely many "teeth" in the interval and thus will not be 
" plottable ". And yet, in spite of all this complexity, Weierstrass' 
Theorem allows us to approximate our function as close as we please 
over the whole interval by such a simple analytical expression as a poly- 
nomial, or, in geometrical language, we can approximate our curve in- 
definitely close by a parabola of a certain order. No wonder this start- 
ling theorem is considered the foundation of the modern Theory of 
Functions of a Real Variable. 

Thus, use of polynomials in various applications of Analysis is 
justified, and their study becomes one of its most interesting and imapor- 
tant chapters. 

In what follows we attempt to exhibit some results of this study*, 
mainly without proofs, due to space limitation. 

2. Orthogonal polynomials. The following problemii is typical in 
the theory of polynomials, and its importance is manifest. 

Suppose the polynomial P(x), of given degree n, does not exceed numeri- 
cally a given constant on a given interval. We wish to estimate I P'(x) I, the 
highest coefficient of P(x), and so on. 

The standard form (1) of a polynomial, to which we air so used in 
Algebra, while of importance in the Theory of Equations, proves inade- 
quate in our discussion. We need here a new representation,with new 
"building blocks" replacing the familiar powers x?, xl, x2, . We 
choose for such building blocks the so-called "orthogonal polynomials   "
(OP),t introduced in their full generality by the Russian mathemati- 
cian Tchebycheff (1821-1894). 

2.1. The Fundamental Existence Theorem for OP. Let p(x) be de- 
fined on a given interval (a,b) finite or infinite, with the following proper- 
ties: (i) p(x) >O; (ii) all"moments" 

rb 

an= p(x)xndx, n=0,1,2)- , 
Ja 

*Ale confine our exposition to real-valued functions of one real variable. 
tFor a more detailed discussion of OP the reader is referred to Carus monograph 

by D. Jackson: Fourier Series and Orthogonal P'olynomials. 
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ORTHOGONAL POLYNO1MIALS AND POLYNOMIAL1.S IN GENERAL 5 

exist, ao> 0. There exists a uniquely determined, up to constant factors, 
infinite set of polynomials Qo(x),Q1(x),Q2(x), , .of degree respectively 
0,1,2, , satisfying the " orthogonality relation." 

b 

(3) p p(x)Q,(x)Qn(x)fdx = O, m,n = 0,1,2, ; m#n. 

Proof. It is cvident that in (3) wc can assuimec m<n, so that wc 
may replacc (3) by the following cquivalent set of conditions: 

(4) | p(x)x'Q,,(x)dx = ; kk=0,1, , 1-: n =1,2, 

Xc rcadily provc now that (4) is satisficd by the polynomial 

ao a ....a 
a,o a21 - -- - - agn 1 ai .a2.*****an+i 
................... n (5) Qn(X) =1,2, Qo=1. 
................... 

an-1 an a2n-1 
1 x .... xn 

In fact, multiply the last row of (5) by xk, substitutc in (4) and integratc 
by the familiar rulc (i. c. the last row). Wc get, bv the dcfinition of ai, 
the determinant 

ao a,. an 
ai a2. an+1 

................... 

................... 

Cen-1 axn ... . 2n-1 

ak ak+1 ..n+k 

and this obviously vanishcs, if k = 0,1, , t - 1, for then two rows 
becomc identical. Furthermorc, Qn(x) is preciscly of degrec it, for thc 
coefficicnt of xn in (5) is the detcrminant 

ao al . n-1 

. . . . . . . . . . . . . . . . . ..... 

................. 
ax _1 a2. a,1 _ 

an,1 an', 1. a2n1.2 

which is always positive, duc to the non-negativencss of p(x) in (a,b). 
Evidently the set { CnQn(x) }, with arbitrary constant factors Cn, is also 
a set of OP. Disregarding such constant factors, the set { Qn(x) } is 
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unique. We provc this as follows. Lct G,(x) =g0+gix+ +gsx, dc- 
note an arbitrary polynomial, of degrec <s. Rcplacc (4) by the follow- 
ing equivalent set of orthogonality conditions; vcry useful in applica- 
tions: 

(6) JP(x)Qn(x)Gn_A(x)dx=O; n= 1,2,. 

Assumc now the cxistencc of a second OP, say, Rn(x), of the samc dc- 
grec n, distinct from Q,(x). If Q"(x) = q,xn+ , Rn(x) = ZnXn++ 
then 

S(x) = znQn(x) - qnRn (X) (Znqn,4 0) 

is a polynomial of degree<n. Now, by hypothcsis, 

1 fb p(x) QnGn_l(x)dx = 0, 12 p(x)Rn(x)Gn_1(x)dx = O0 
Ja Ja 

whencc fb 

Znl- qn12 =] p(x) S(x)Gn-1(x)dx = 0 
Ja 

for an arbitrary polynomial Gn,l(x), of degrec <n-I. Takc here 
Gn_l(x)-S(x), and wc get 

j p(x)S2 (x)dx = O, 
Ja 

which is impossiblc, the integrand bcing non-negativc (unless S(x)_0). 

Remark. Our set of OP bccomes completcly detcrmined if wc specify 
it in a ccrtain mzanncr. The customzary specification is onc of the fol- 
lowing: 

a) Makc the highcst coefficicnt in cach OP cqual unity. Wc get 
from (5): 

ao a, ... an ao al an-1 
al a2 .an+1 a, a2 . . .an 

...... 
. . . . . . . 

. 
. . . . . . . .... . . . . . . . . . . . . . 

(7a) (4n X) = (7s ) bn (x) . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . ..... 

an-, an .a2n- 1 an-, an .a2n-2 

1 xn 

=n+ .(u1 > 1; (o = 1). 
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b) "Normalize" the set {I f(x) }, taking 

(7b) (x)) =In(x) p(x)cIn2(x)dx n = Oil ,2, , 
/ N Ja 

so that 

j p(x)spm(x)spn(x)dx = 0; m,n= 0,1,2, ; m*n 

(8) 
b J p(x)<p.2(x)dx = 1; n = 0,1,2,. 

The set {son(x) } constitutes an "orthonormal" set of polynomials cor- 
responding to the given interval (a,b) and to the "weight-function" 
p(x). If a function f(x) is given, we have now the formal expansion 
(making use of(8)) 

I b 
oo 

(* f (x) , fnso(P x), p p(x) (p.(x)f (x) dx, 
n=e 

a 

and we recognize at once the analogy of this expansion to the Fourier 
(trigonometric) series. 

The orthogonality property (6) or either of its equivalents (3), (4), 
completely characterizes the OP set {bn(x) }. An all-powerful mind 
could have said: If you give me the weight-function p(x) and the 
orthogonality property (6), then I know everything about the corres- 
ponding OP set. In some respects we can go further, even without 
knowing the explicit expression of p(x) (or its moments). In fact, there 
are many features common to all sets of OP, features arising directly 
from the orthogonality property. We proceed to prove thefollowing 
theorem of fundamerntal importance in the theory of OP and its appli- 
cations. It deals with the "zeros" of (%(x), i. e. with the roots of the 
equation 4(x) = 0. 

Theorem on the zeros of OP. The roots of the equation dIn(x) = O(n > 1) 
are real and distinct; they lie inside (a,b). 

4,(x) being a polynomial of degree n, it suffices to prove that it 
changes sign inside (a,b) - precisely n times. Assume the contrary: 
4,(x) changes sign at m interior points C1,C2,....,Cm, where 0? m <n. 
Then _(x) (x-c1) (x -c2) (x-.cm), with a proper choice of i, is 
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never negative in (a,b) (we re)l ace the product (x-cl (x-c,n) by 
unity, if mn=0), so that by 

b 

fbP(XA)n (X - Cm) ] dx > 0, 
Ja 

which, if n ? n- 1, contradicts (6), where re take 

Gn- l (X) = ---(x - CO.. (x -6n .) 

Geometrically it means that the parabola y=D,,(x) crosses the x-axis 
precisely it timiles between a and b (1t "nodes"). It thus resembles the 
curve y=cos n1x between 0 and ir. In many cases this resemiiblance is 
not a stuperficial, but a far-reaching p)roperty of OP. We shall denote 
the zeros of (n(x) as follows: 

(9) Xln < X2,n < '.'. < Xnn, 

wvriting simply xi in place of xi,,, if therc is no danger of confusion. We 
shall also w!rite 

(10) (n (x) = a,?,7,(x) = a?tlx+ arl lxn +- . ,an>0- 

"normalizing coefficienit" 

WVe mray add that the zeros of bn(x) ancd b1,+,(x) (n>1) interlace 
so that the zeros of 4,(x) spread out, as ni increases, i. e. 

xln+?1<x1,nX Xn in <Xn+1tn+1, 

which leads to the concltusion-generally correct-that the extreme 
zeros x1,7n, Xn7 tend rcspectively to the end-points a,b, as ni-*o. 

2.2 Illutstrations. (Cf. Jackson, 1. c.). 

(i) (a,b) finite, say, (- I,1), p(x) = 1. This yields Le,endre Poly- 
nomnials-historically the oldest and the mnost important set of OP 
(Theory of Potential, Spherical Harmonics). Here, in place of the 
general expression (5), we can use the more convenient one 

I dn[(217 
P (x) = 2n dit! dx ] 

1. 3... 2n -1) .(211 1)X 

(11) 1 3 .(2n -1) [ nn I(2-n) 1 

PO=1, Pl=X, P2=3/2(x2-1/3),... 
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(12) J P" (x)dx = 2n+1 

113 (2n-1) 2n+1 
1 3 ! J 2a (n=0; 0!= 1), 

so thalt the orthonormal set of Legendre Polynomiiials is 

(13) v"(x)=7 2n+1 Pn(X) 

1 .(2n -1) 72n+1 L - n(21 )X -2-4-. n>O. 

(ii) (a,b) =(-1, 1), p(X) = (1 -x2)-. This leads to Trigoitonoetric 
(ofteni called "Tclhebycheff") orthloniormal Polynomials: 

(14) fpo(x)= ; fPn (x) 
2 

cos(nt arc cos x) 

1r 11.74 r iz7 

12 
a,,= 21'-1 | zz1 

\1 r 

The orthogonality property of the polynomials (14) is verified at once 
by letting in (3) x=cos p. 

Both Legendre and trigonometric polynomials are special cases of 
the so-called Jacobi Polynomials correspondinig to 

(a,b) =(-1,1); p(x) =(1 +x)a- 1(1 _x)t- 1, aY,0B>0. 

This expression naturally arises in the Potential 'rheory froml the expansion 

(1 -' +2x2 = 1 I'2(x)j" 
it =0 

Ilhe orthogonality property 

(3) P,,(x) Pi (x) dx = 0 (ni $ n) 

can be easily verifie(d by applying a repeate(d integration by parts to 

fr! dmI(x2lIe d'(xx2_ d dx 

TIhe same proce(lure yields, for mn =nz, formula (12). 
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(iii) (a,b)= (0, o), p(x) = x-xLaguerre Polynomials 

I di(e-xxfl) 
(15) fscn(w= ex d(-Xxn 

1 , n _ 2 n2(n- 1) Xn-22i= 

1~~~~. 

an! 0. 
(iv) (a,b) =(-, o), p(x)= Cx2Hermite Polynomials. 

r 1 |2n 1 e2 d'`(eX2) 

=r1 (7r n! (-2)> dxn 

(16) n= 2 r n(n 1) xnC-2, 

12n 
a-= , n>O. 

(concerning orthogonality of (15, 16) see preceding footnote). La- 
guerre and Hermite Polynomials play an important role in Theoretical 
Physics and in Statisitics. Regarding Trigonometric Polynomials one 
recognizes their relationship to Fourier Series. 

2.3. Mechanical qitadratitres. The discussion of the expansion (*) 
lies outside the scope of the present paper. We turn to a'nother very 
important application of OP. It deals with the approximate evaluation 
of definite integrals, what is known as "mechanical quadratures". 

Any polynomial of degree n-I 

Gn-l(X) = g0+giX+ +gn- Xn-1 

is completely determined if its values are given at n arbitrarily pre- 
assigned distinct points C1,C2, * - Cn: 

(17) Gn_i(cj)=yj, i=1,2, *,n, 

for the system (17), where the ci and the Yi are known, determines 
completely the coefficients gi. This further yields a unique value for 
the integral 
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p (x)G,, (x) dx, 

where p(x) is a given fuLictioni. We thus imiay expect the valUe of this 
integral to be expressible in terniis of the qLuanitities G,71(ci). The siuin- 
plest expression of this kind is a linear one: 

fb 

( 18) | ~~~~p(x)G,'- 1(x)d1x= liG,,- 1(c,), 
Ja 

where the coefficientts 1i are intdepentdentt (f G,-1(x), for the ci inay be pre- 
assigned in adivance, once for all G,-1(x). WVhat is the necessary ex- 

pression for 1i ? To answer this, apply (18) to the special polynomial 

19) L (x) 
X 
(x-c) (x-C2) (X-ci-1)(x-c+l). (x-c,O 

(C i -Cl) (C i -C2) ... (C i-Ci- _) (C i- Ci+1) 
... 

(C i - Cj 

whlichl cani be writteIn as 

(20) L,(x) = <P(x) , 
P(X) = (x - CO(X -C2) ***(X - Cj 

(x-Ci)f (ci) 

We see at onice that 

Li(ci) = 1; Li(cj)=(), j-+i, 

so that the right-hlanid sidle of (18) redLuceCs to a siniglc teriml, niamenely, 

{'b 

j p(x)Li(x)dx = Ii. 
a 

This necessary expression for 1, i= 1,2, , n, is also sufficieilt as is 
proved onI the basis of the Lagrange Interpolation Formula. We nIow 

have for any polynomial of degree t - 1 

rb 

(21) bP(x)Gn-(x)dx 
Ja 

b 

= EliGn_(c,) li= dxx(xx) d. a 
In applications we apply (21) to a ContintuIOuS fuInCtiOn1 f(x) defin1ed oIn 

(a,b). Here we naturally restrict the points ci to b)elong to (a,b), and 
in place of the exact formula (21) we obtain an approximate formnula 
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(bb 

(22) p(x)f(x)dx'dx'Z lif(c ), lj= (x)(R dx. 
a a 

The terminology "mechanical quadratures" may be explained by the 
fact that the quantities f(ci) in (22) can be bound by mechanical means 
if f(x) is given graphically. 

Assume now the points ci are chosen from an infinite triangular 
array 

Cl,' 
C12, C1 2 

C1,39 C2,3, C3,3 

Recalling Weierstrass' Approximation Theorem, we are led to ex- 
pect that in (22), where (a,b) is finite, the right-hand member tends to 
its left-hand member as a limit, for n->co, provided, the above array of 
points is properly chosen. Then we say: the mechanical qutadratuires 
formula (22) converges. 

The great Gauss, "king of mathematicians" (1777-1855), more than 
a hundred years ago (1816) conceived the ingenious idea of choosing the 
n points ci and the n coefficients li in (22) so that the formutla shall be exact 
for any polynomial of degree ? 2n -1. (We cannot go higher, for the 2n 
unknown quatities C1,C2,*, c, and 11,12,*. 1,n must now satisfy 2n.equa- 
tions, namely: 

/b 
I ~~~~~n J p(x)xkdx=E lcCk; k=0,1,2; *, -1). 

a 

Gauss considers the special case-(a,b) finite, p(x)-=1; we shall con- 
sider the most general case, where (a,b) is any given interval, finite or 
infinite, and p(x) is defined on (a,b) (naturally all integrals 

/b 

fbp(x)xndx, n=0,1,2, , exist). 
Ja 

The following remarkable fact is revealed in the next 

Theorem. If p(x) is a weight-function defined on (a,b) then with 
ci=xi, (i=1,2,. *, n)-zeros of the corresponding OP, Pn (x), Gauiss' 
requirements are satisfied, that is 
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b 
ii 

(23) f p(x)G2,-l(x)d dx IIiG9n-1(Xi)* 
E ~~~~~~~~i=l1 Ja 

(24) H= ( ))(') dx. 
a 

This choice of the ci is the only possible one, for a given p(x). iuoreover, 
the coefficients II are positive and bounded for all n; we have 

rb 'b 

(25) JP(x)dx=Hi+H2+ +Hn; =Hi> p(x)dx. i= 1,2,., n. 
Ja Ja 

Proof. Divide G2n_l(x) by pn(x), we get: 

G2n- 1(X) = spyn,(x) Gn- 1(X) + Gn- 1(X) , 

G2n_i(Xi)= p i(xi)Gn-(Xi)(+Gn- 1 (X)=Gi (X=)n i= 1,2, i, n. 

Hence, making use of (6) and (21), where we replace ci by xi and 1 by H1, 
/b 'b 

J p(X)G2n-1(X)dX jb (X) yn(x)Gn- (x)dx 

Ja Ja 

'b /b 

+ j p(x)Gn-l(x)dx= j p(x)Gn4l(x)dx 
Ja Ja 
n n 

= E HiGn_1(xi) = HiG H1G2,(x i) 
i=1 i=1 

Thus, the choice cl=xi (i= 1,2, , n) is sufficient for our purpose; its 
necessity is proved in the same manner. We can applv now (23) to the 
polynomial 

2 

r On (x) L (X-i)< n(xi)]' 
of degree 2n -2. Note (see the foregoing discussion of Li(x)) that 

2 

L (x-x?n(x) = -1 for x=xi, =O for x=x1, j$i. 
(X - Xi) n'(X i) 

*In the special case considered by Gauss, formula (23) employs Legendre Poly- 
nomials. 
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/ b 2 

This gives: Hi=j p(x) L ) ] dx>O; i=1,2, *,n. 
/~~~~( (X-i) (P, (Xi) 

Finally, J p(x) 1 dx= H+H2+ +Hn 

The simplest case of (23) is, that of Trigonometric Polynomials. Here 
all Hi are equLal, so that, by (25), 

H1=H2 =-- =Hn=-j ~~dx =7r, 11=112= ... =H~ I-~ f 

The foregoing properties of the coefficients Hi in (23) are of fundamental 
importance. They yield at once, on the basis of Weierstrass' Theorem, 
the convergence as n->co, of the mechanical qutadraturesformula, 

I ~~~~~n 
(**) / p(x)f(x)dx~, H,f(x1) 

.Ja 

for any finite interval (a,b) and for any weight-function p(x), if f(x) is 
integrable, and a fortiori, continuous, in (a,b). 

This remarkable theorem was proved in 1884 by the French-Dutch 
mathematician Stieltjes (1856-1894) in a classical paper on mechanical 
quadratures. It makes formula (**) especially important in applica- 
t ions. 

Viewed geometrically, formula (**) is striking. It tells us that all 
parabolas y= gO+g1x+ +92g2n-x2fl1 passing throutgh the same n fixed 
points { x,yi}, i = 1,2,. , n, where the xi are the zeros of Sp,(x) and the 
yi are preassigned arbitrarily, yield the same value for the integral 

/'b 

J p(x)ydx, 
Ja 

however varied may be the coefficients gO,gj, , g The restriction 
p(x)2?0 in (a,b) is essenlial; dropping it, we cannot in general satisfy 
Gauss' requirements. 

3. A pplication of OP to polynomials in general. 

3.1. Estimate of a linear combination of the coefficients of a poly- 
nomial. 
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Problemn. Givent a futnction q(x) defined over a certain interval (a,b), 
finite or infinite, and a set of real constants M> O,ao,ai, , a., Find an 
utpper bounzd for the absolutte valute of the linear combination 

w(Gn) =-aogo+a1g1+. . . +angn 

of the coefficients, for all polynomials Gn(x) =go+ glx+. +gnfXn such 
that 

(26) i q(x)Gn(x)l | _M a <x _b. 

Solution. Assume we can find a non-negative function r(x) such 
that 

Ja (x)dx exists, and 

(27) p(x) = q2(x)z(x) 

is a weight-function in (a,b). Introduce the set {(,,(x) } of orthonormal 
polynomials corresponding to (a,b) and p(x). Then 

fb 

(28) co(Gn) I< I P(x) XGI2(x)dx .E wI(p). 
i=o 

We omit the proof)*. Formula (28) is fundamental and solves our 
problem, namely, 

(29) !w(G)l ?M\/ f z(x)dx nE w (.) (under condition (26)). 
Ja = 

*Cf. J. Shohlat: On a General Formula...., Transactions Amer. Math. Soc., 
v. 29 (1927), pp. 569-583. 

Note the generality of our problem and of its solution. By specify- 
ing the ai, q(x), z(x), we obtain a great variety of estimates for poly- 
nomials. 

Illistration. Consider the class of polynomials 

Gn(X) = g0+g1x+ ' ' ' + gn_Xn-l+gnfX, 

n given, for which one of the following inequalities holds: 

r a) jGn(x)j <M, <x_1. 
(30) b) e-xl4 Gn(x)l <M, O<x<o ' c) e-x214lGn(x) M, -co <x<co. 

Find estimates for the coefficienits gn, gn-l 
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These estimates are obtained at once from our general formula (29), 
where we take an = 1 an-1=0an-2= *=ao=O, when deaiing with gn, 
and a?n- = 1, a = a0n-2 = * =ao=O, when dealing with g,l_. (29) becomes 
correspondingly. (See form. (10)): 

(gn |a fp(x)Gn 2(x)dx 

(31) i Ja (P(X) = 2(X)Z(X)) 

Ign-li <-\/ a2n-1a2n n- |fp(x) G 2(x)dx, 

whence, utnder condition (26), 

( gn <anMJ z(x)dx 

(32) Ja 
gn-I < /(a,l2_l+a2nn-l) J|z(x)dx Il. 

N J~~~~~~~a 
Thus, for (30a) we take in (32) q(x) = 1, z(x) = (1 -x2)>, and make use 
of the Trigonometric Polynomials (14). This gives: 

(33a) JG7z(x) I < MAin(-1,1) implies: 

12 P dx 

For (30 b,c) take in (32) correspondingly 

z(x) = e-x12, p(x) = e.-12e-x12= e-z; z(x) = e-x 22 p(x) = e-x2 

and use the polynomials of Laguerre and Hermite (form. (15,16)). We 
get: 

(33b) e-x141 Gn(x) I _ Min(0n x) implies: 

gun I 1 / e-xl2dx= M\I I gn 1 < M\2 n+1. 

(33c) ex212/ | G7,(x) M <Iin( -0 c 0, ) implies: 

Ig,1 <M i7r. e x2dx 
r n!~~-c 
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/ 2nt1/2| 2i- 1/2 

4 n! ; I'l-ll-4(n-i)' 
/7 ~ ~~~~~ < 

(recalling that je-2dy=ir). 
J-0 

Similarly, taking w(Gn) =G '(z), z denoting a certain fixed point, we 
derive from (29) the following result: 

(34) Gn'(z) I<MM /z(x)dx . [ps'(z)]2 (under condition (26)), 

and this furnishes an estimate for the derivative Gn'(z) if we know-and 
we do know in many cases-an estimate for 

i=l 

Remarks. (i) Using special methods, adapted ad hoc to each par- 
ticular case (mainly for a finite interval), better estimates have been 
obtained for I gn1, gn_1, under condition (26). Our aim was to show 
that all above estimates steIn froIn a single source-formula (29). 

(ii) We note that our estimate for lw(Gn) I depends upon the value 
of 

p(x)Gn2(x)dx, 

Ja 

and this enhances its applicability, for the latter integral occurs fre- 
quently and inay be known from the nature of the particular problem 
under consideration, even if the inequalities in (30) are not available. 
Mloreover, using (28) in place of (29) we can improve our estimates as 
follows. Apply to 

Jb 

|p(X)G.2 (x)dx 
Ja 

the mechanical quadratures formula (23), where n is replaced by n+1, 
and write Xi,n+l (i= 1, 2, ,n+ 1) for the zeros of (pn+i(x) and Hi,,+, in 
place of Hi. We get: 
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|n+1 n 
(355). lw(Gn) < H fion+jGj 2(-"in+l) 2 2((pf). 

2=0 

Now, let M' denote the largest of the quantities Gn2(xI?n+), Gn2(X2,?n+i) 

Gn2(xn+ 1 n+l). Formula (35, by virtue of (25)), gives: 

X r ~~~n 
(36) w (Gn) /U' f|p(x)dx @2 (fl) 

and this again yiel(1s a great variety of estimates for polynomials. These 
estinmates are better than those obtained above for in general M'< M. 

To illustrate, take (a,b) =(-1,1), p(x) =(1-x2)"2. Here (p,1+1(x) 
is the trigonometric polynomial (14) \/2/r cos[ (n + 1)arc cos x], whose 
zeros are 

7r 3w cos(2n+ 1)7r 

2(n+ 1) C 2(n+ 1) 2(n+ 1) 

and we get the following result-an im-nprovement over (33a): if the 
values taken by a polynomial go+glx+ +gnxn, of degree n, at the 
point s 

w 3wr (2n+ 1)w 
Cos ,C0S ,COSi 

2n+2 2n+2 2n+2 

do Inot exceed numerically a given constant M', then 1gUn <2n-1/21V['. 

3.2. A more precise form, for polynomials, of the llVlean- Valute 
Theoremz and of Rolle's Theorem, We are familiar with the following 

fundamental statements for continuous functions: 

(i) f(bi-f(a) = (b-a)f'(a), a in (a,b) finite. 

(ii) f(a) =f(b) implies f'(a) = 0, a in (a,b). 

(iii) If p(x) >0 in (a,b), then 

f (x)f (x)dx= , f p(x)dx, 
Ja Ja 

where ,u is a certain (uantity lying betweeii the sinailest and largest 
value of f (x) in (ab). 

(iv) f 0(x),(x)dx= O, 
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where p(x) is non-negative, iInplies f(x) vanishes at a point a in (a,b). 
(Of course, a is different in different formulae). 

One may expect a more precise characterization of a and ,u in the 
foregoing statemnenits if one narrows the class of functions f(x) to poly- 
nomials. Such is actually the case. Again one shows this very simply, 
on the basis of the mechanical quadratures formula (23). 

We start with (i), where we assume, for the sake of simplicity 
(a,b)=(-1,1). Letf(x) be a polynomial, of degree 2n or 2n-1. Writ, 

f(1) -f( -1) = jf'(x)(x. 

On the right side we may apply the mechanical quadratures formutla 
(23) with p(x) = 1. This gives 

(37) f(1) f(1) =IIif'(x1)D+H2f'(X2)+ +I- , , (X.), 

xi(i=1,2,., n) denoting the zeros of the Legendre polynomoials P,,(x) 
(form. (11)). Denote by m,M111 respectively the smallest and largest 
of the quantities f(x1),f(x2), ,f(x,). It follows, all Hi being positive 

fl n n 

m Hi < Z .IIf(x Z < AS E Hi, 
i=l i=1 i=l 

whence, by (25), 

f(1)-f(1)= A (lx = 2k, m l< k _M. 
- -1 

We thus get for polynomiiials an im-tproved version of the Mean- 
Value Theorem of Differential Calculus, namely: if f (x) is a polynomial, of 
degree 2n or 2n - 1, then f(1) -f( - 1) = 2g, where ,i lies between the smallest 
and largest valute taken by f(x) at the n zeros of the Legendre polynomiat 
P" (x). 

(ii) Can be treated in the same manner, by means of (37). We 
get the following improved version of Rolle's Theorem for polynomials. 
If a polynomial f(x), of degree 2n or 2n - 1, takes the same valutes at' x = - 1 
and x = 1, then its derivative vanishes in the interval formed by the extreme 
zeros of the Legendre polynomial P,(x). 

Turning to (iii), where f(x) is a polynomial of degree 2n- 1 or 
2n-2, write, again using (23), 

J HbJn 

| p(x)f (x) dx =EHif (xi), 
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and reasoning as above in (i), we get 
lb 

n In 

m Pii? f P(x)f(x)dx?M E Hl, 
i=l Ja i=l1 Ja 

m,M denoting respectively the smallest and largest of the quantities 
f(xl), f(x2), , f(xn), the xi being the zeros of On(x). This leads, through 
(25), to the following improved version for polynomials of the Mean- 
Value Theorem of Integral Calculus. 

If f(x) is a polynomial of degree 2n -1 or 2n -2, then 

rb rD~~~~~~~ 
P(x)f(x)dx= u p(x)dx (p(x) > O) 

Ja Jd 

where ,u lies between the smallest and largest valute taken by f(x) at the 
n zeros of (>(x) -OP corresponding to (a,b) and p(x).* 

In particular 

ff(x)dx = f dx= 2/, 

,u being intermediate between the values taken by f(x), polynom of 
degree 2s- 1 or 2n-2, at the n zeros of P1,(x). 

To illustrate: f (ax3+ bx2+cx+d)dx= 2g, 

,u being intermediate between the values taken by the integrand at the 
points x= - 3/13, 0, +/3/3- the zeros of P2(x) = 3/2(x2- 1/3). The 
above discussion of (iii) has prepared us for the treatment of (iv), and 
we state its improved version for polynomials as follows. 

If f(x) is a polynomial of degree 2n -1 or 2n -2, and 
to 

f (x)f(x)dx= 0, p(x) ? , 
Ja 

then f(x) vanishes in the interval formed by the extreme zeros of (p,f(x). t 
For exainple, 

*If the degree of f(x) is less than 2n-2, then we use pm(x), with a properly chosen 
m <n. 

tA more comprehensive article by J. R. Kline, summarizing the work of Professor 
Shohat, was published in Science shortly after his death. 
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(ax3+-bx2-+cx+d)dx = 0 

implies the integrand vanishes at least once in the interval 

K 3 3' ) 
and this is better than the general sLatement that it vanishes somewhere 
in (-1,1). 

The author ventures to express the hope that the foregoing dis- 
cussion, of necessity restricted and sketchy, throws some light on the 
important role played by orthogonal polynomials in the general theory 
of polynomials. 

On the Structure of Certain Tensors 

by I-H. V. CRAIG 

1. Introdutction. The primary object of this paper is to express the 
higher order intrlnsic derivatives of absolute vectors as contractions of 
extensors.* We take the view that the structure of a tensor is known 
if it is recognized that the tensor is built up froin other tensors and ex- 
tensors (the basic extensors) by the elementary processes addition, 
multiplication, and contraction. Thus what we have in mind might 
very well be called algebraic structure. 

The decomposition of a tensor into structural elements is not 
necessarily unique and as we shall see may be accomplished in a trivial 
and ad hoc fashion. A decomposition is interesting and of aesthetic 
value if the basic constituents possess invariance of functional form. A 
decomposition is of particular value, from the standpoint of the theory 
of invariance, if it discloses the hitherto unknown fact that a certain 
collection of quantities which are already known to be of importance in 
some other respect constitute the components of an extensor. Such a 

*The corresponding problem for weighted vectors has been treated by J. M. I-lurt 
in a Master's thesis. 
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discovery opens the way for the systematic construction of other 
extensors, tensors, and invariants which are invariant in functional 
form. 

As an illustratioin of a trivial and unexciting decomposition, let 
us consider the following solution for the problem of expressing a given 
invariant I as a contraction of tensors. First we select a coordinate 
system x and define a contravariant vector V by assigning Va the value 
alaI in system x. The components of V in the other coordinate systems 
are to be determined of course by the tensor transformation law. Simi 
larly, let a covariant vector U be determined by the equation Ua=bal. 
Obviously, VaUa=I and this equation is valid in all coordinate sys- 
tems. The defect is, of course, that the vectors U and V lack invariance 
of functional form. 

As a contrasting case, let uis assume that we have followed the 
classical procedure and proved that the intrinsic derivative aVa/at of a 
contravariant vector Va is again a contravariant vector. That is, 
we assume that we have discovered the Christoffel symbols, established 
their transformation law, differentiated the transformation equation 
for Va, eliminated the unwelcome second derivatives by means of the 
affine connection, etc. That is, supposedly we have proved by direct 
calculation that the quantities V'a+ Vb{l}, I a} = {Ia} x'6 are the 
components of a tensor (the primes indicate differentiation). 'We are 
now in possession of the corner stone for some celebrated mathe- 
matics but from our point of view the structure of the initrinsic deriva- 
tive is still unknown. The problemn of establishing the structure is 
however exceedingly simple. The quantities Va, V'a are the components 
of an extensor for arbitrary va, and aVa/at may be written in the form 
V$bga,ab with A summed fromn zero to one. Here Vob and Vl denote 
Vb and V'b, while ga1 =baa and gOb {b}. From the arbitrariness of 
P and the tensor character of a Va/at, we may conclude that the gab, are 
the components of an extensor.* Our new extensor ga,s or aab, {b} 
does possess invariance of functional form in terms of the Kronecker 
deltas and the two index Christoffel symbols. Also, the latter are 
linear forms in the x"s in all coordinate systems. Thus having discovered 
a new extensor, we can construct other extensors, tensors, and invariants 
at once. 

Perhaps we should remark in passing, that in the case of a Riemann 
space embedded in a Euclidean space, it is quite obvious from one point 
of view that the quantities 6ab, a are the components of an extensor. 
Once this has been noted the tensor character of the intrinsic derivative 
is self evident and the affine connection as an isolated entity loses its 

*We shall give presently a resume of certain aspects of the theory of extensors. 
For a more detailed account see numbers 1, 2, 3, of the appended bibliography. 
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importance. In the case of the geometry of paths, one can prove readily 
that if Lab is a linear form in the x"s and the quantities bab, La are adopted 
as the components of an extensor in system x, then in any other system 
say x, the components of this extensor will be 6",, LI'-the quantities 
Lr being linear forms in the x"s. Thus, as we would anticipate, the 
intrinsic derivative in the case of a geometry of paths is merely a con- 
traction of extensors. 

In what follows, we shall assume that the intrinsic derivative of 
a first order absolute tensor is a tensor of the same type as the original 
and try to express the intrinsic derivative of Mth order as a contrac- 
tion of extensors. This will facilitate the computation of intrinsic de- 
rivatives and place in evidence the fact that certain quantities already 
known constitute the components of an extensor. 

2. Notation. We shall, so far as feasible, distinguish the coordi- 
nate systems employed x and x by means of indices. Indicial letters 
belonging to the first part of the alphabet will becorrelated to system 
x while the letters i to w will denote system x. Intrinsic differ- 
entiation and the concept extensor involve differentiation with re- 
spect to the parameter of a parameterized arc. We shall indicate such 
differentiation by means of primes and enclosed Greek indices. Thus 

x a = xa' = dXa/dt, X(a) a= Xa(a) = daxa/dia. 

The partial derivatives dx(a)a/8x(P), (here x(P)r=dPxr/dtP, xT=Xr) will 
be denoted by the abridged symbol Xaapr. Similarly, XPraa will denote 
the partial derivative of XG,)r with respect to X(a)a. 

3. Extensors. The summation convention used in the theory of 
extensors may be stated as follows: Lower case Latin and Greek 
letters indicate summations from 1 to N, and from 0 to M, respectively; 
while capital indices do not generate sums. We shall frequently replace 
a with A to forestall summation, thus 

( at] 0Ua 

with a not summed would be written 

[At UaMA u0 
The extensor transformation law is exemplified by 

Tpr -Taa XPr XbXI 
oS- b AD C aa as 

Such an extensor would be described by saying that it is excontravariant 
of order one, excovariant of order one, and covariant of order one. 
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As an illustration of the extensor transformation law with the range 
of Greek indices 0 to 1, let us seek to construct an extensor of the type 
L 0, which will be invariant in functional form, by taking for the class 
of components Lal (they constitute a tensor the Kronecker delta cab. 

Thus by fiat Lalb = ab in system x. From the extensor transformation 
law, we lhave 

Lr7s = La ObXraXKbls = LalbXraXbs = a s 

Lr= L bXraXbos =LaOb xraXbs+6abXr aXbs' 

= L aObXraXbs + XrbXbs t - 

From the linearity of the second term in x't, we conclude that the 
desired invariance in functional form can be attained by letting Lo0 
be a linear form LbCax'c in the x"s with the coefficients functions of x. 
Thus the affine connection of the geometry of paths may be said to arise 
from the Kronecker delta and the extensor transformation law. 

The algebra of extensors is essentially the same as that for tensors 
except that there are M+1 different contractions of a second order 
extensor and the quotient laws are perhaps a little less stringent than 
those of tensor analysis. Further, the fact that Xpraa vanishes whenever 
a exceeds p allows considerable lattitude with regard to the range in 
certain summations. The contraction theorem in the special form in 
which we shall employ it is essentially that of tensor analysis. It may 
be illustrated adequLately by the following statement: If Tpra t. is an 
extensor of the type indicated by its indices, then Tp"prt is a covariant 
tensor. The special quotient laws that we need allow us to assert that 
T is an extensor of the type indicated by its free indices whenever the 
same may be asserted of 

Vaa Tc or Ua T aa. 

Provided in the first case that Vaa may be taken to be Va(a) with Va 
arbitrary and in the second case that Uaa may be taken to be 

with Ua arbitrary. 

4. The extensive derivative of TCaa. Since the Mth order intrinsic 
derivative of a contravariant vector Va is obviously linear in the Va(a) 
there is no theoretical difficulty involved in establishing its structure. 
Onie needs but detach the coefficients of the Va(a). By the quotient law 
the resulting quantities constitute the components of an extensor- 
contravariant of order one and excovariant of order one. These quan- 
tities will obviously consist of IKronecker deltas, Christoffel symbols 
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and their products and derivatives. In order to facilitate the construc- 
tion of this extensor, we shall introduce presently a simple scheme for 
manufacturing a new extensor from one of the type TCaa. This scheme 
is so constructed that it will yield the comiponents of an extensor asso- 
ciated with the M+.1st ilitrinsic derivative in terms of the extensor 
associated with the Mth intrinsic derivative. 

Let Va be any vector whose components are stufficiently differentiable 
functions of the curve parameter t. Further, let Vaa be the extensor 
Va(a). Finally, let TCaa be any extensor of the type indicated by its 
indices. Obviously, VaaTcaa is a contravariant vector for arbitrary 
choice of Va, and the same may be asserted of its intrinsic derivative 
5(VaaTc aa)/6t. This intrinsic derivative is linear in Vaa (the range 
of a is now 0 to M+ 1) and hence has t.he form of a contraction. There- 
fore, the coefficients of Vaa in the intrinsic derivative will constitute a 
new extensor involving the TCaa, TCaa', and a Christoffel symbol. We 
shall call the new extensor the extensive derivative of the original-since 
the range of the Greek indices is extended by the process. Obviously, 
if the TCaa are so selected tlhat Vaa TCaa is the Mtli intrinsic derivative 
of Va, then the contraction of Vaa over the range 0 to M+1, with the 
extensive derivative of TCaa will yield the M?I1st intrinsic derivative. 
We now turn to the explicit development of the extensive derivative. 

Following the notation of the geometry of paths, we shall use a 
letter, L, instead of braces for the components of connection. Thus 
the intrinsic derivative of VaaTcaa may be written in the form 

(VaaTc aa)/ + VaaTbaaLCb 

or, since Vaa in the present instance clenotes Va(a), 
Va+ a a Tcaa + Vaa ( TCaat + Tb aaLCb). 

We next replace a with a-.1 in the first term and accordingly change 
the range from 0 to Mi to 1 to M?+1. We may now exhiibit the multi- 
plier of Vaa by setting aside the term involving VM+l.a which occurs in 
the first product and the "zero" termn of the second product. To pro- 
vide for the special case M =0, we introduce the factor (1 -c6m), which 
vanishes when M is zero and otherwise has the value unity. Thus the 
intrinsic derivative in question assumes the form 

M 
Vjf?+ 1 aT a? (1- Vaa(Tcl . a+Tcaa/ + TbaaLbc) 

a= 1 

+ Va(TcOa'+ TbOaLbC) I 

or if we define the meaningless symbol T%i1.a to be zero, 

VAI+1 .aC +a ? Vaa(PTCa a ? TCaa'? TbaaLCb) 
a=O 
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By virtue of the quotient law, the coefficients of the V's are the com- 
ponenits of an extensor. We shall (lenote this new extensor-the ex- 
tensive derivat.ive of TCaa by t-he symbol DT|caa. The range of a in the 
derived ext.enisoi is 0 to MV+1, one great.er than the original range. 
Specifically, the components of DT C aa are 

(1) DT =j-1.e Tc a; D T I aC = TCal. a + TaaC'+ TaabLbC, a < M+ 1. 

These equations should be compared wit.h Kawaguchi's recursion formula 
(equations .1.3.6 page 105 of refer-enice .1.). Unless I have overlooked a 
point Kawaguchi does not consi(ler the question of constructing an 
extensor froml- his quantities T k. The fact t.hat. thiis can be done, readily 
may be deduced from his work. This particular paper of Kawaguchi's 
is very long (152 pages) and present,s a great number of very important 
contributions to the theory of extensors. In addition, it contains an 
alimiost complete bibliography of the subject. 

Now that we have established a sat.isfactory struct.ure for the higher 
order intrinsic derivatives of Va, let us turn to the question of the sys- 
t.ematic computation of the fundamenteal extensor. First of all in order 
to have an intrinsic derivative, we must have an extensor 6Ca, LCa of the 
tYPe 9"-a, a=0,1. With this as a basis, let us start with M=0 and the 
tensor 5Ca. The successive extensive derivatives of bCa are computed as 
follows: 

The original ext.ensor TCaa is the tensor 5ca(M0-(), i. e. TCoa=6aa 

Da| Cla=5Ca Da| COa=O+O+TbOaLCb Lca. 

We now let lCaa denote the first derived extensor Db I Caa and M now has 
t.he value one. The J'caa are given by the equations TCla=6Ca TCoa=LCa 
This is the oriiginal extensor. The second derived extensor is the ex- 
tensive derivative of Db caa thus D | c28 a =c a; 

D26I Cla=DTI cla=Tcoa+Tcla'+jjblaLcb=LCa+(0+Lca=2Lca; 

D2 Oa DT Oac= 0+ TC)ac + TbOaLcb= Lba'+LbaLCib 

Likewise in order to compute the third extensive derivative, we let 
TC aa denot.e D265 Ca Thus assigning a values in decreasing order 2,1,0, 
TCaa now represents the ext.ensor Ca0, 2LCa, LCa'+LbaLCb By applying 
extensive differentiation to this last. choice for TCaa, we obtain for D25I Caa 
the extensor: 

Ca, 3aL a 3(LaQ'+Lb aLCb), (La'+L'aLb) + (Lb a+Ld a'Lb d)LCb. 

This suggests that DmbI caa has the fomii 

(AI 1 IC 
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with the intermediate quantities I satisfying Kawaguchi's recursion 
formula Ica-1l.a=Ie'aa'+IbaLcb, I,a=5Ca. To show that this is iindeed 
true one needs but assunme that it is valid for the case 31/ and then com- 
pute DT |caa by formula (1). 

Thus in order to write down directly an intrinsic derivative of 
given order one may start with the Kronecker delta and apply repeatedly 
the process of differentiation plIs contraction with Lcb. The re- 
sulting quantities are the intermediate quantities Icta (not the coin 
ponents of an extensor). MVultiplication by the appropriate binoinial 
coefficients gives the basic extensor-the MIth extensive derivative of 
the Kronecker delta-which we shall denote by LBaa. Finally, the 
Laa are multiplied by Vaa and sumined. The result is the Mlth order 
intrinsic derivative. 

5. The extcnsive derivative of Tcaa. Evidently, we can develop a 
counterpart for the preceding theory by examining the intr-insic de- 
rivative of the vector UaQ caa, Ua a is the extensor 

( A 
0 a 

For the present we shall regard T,aa as an arbitrary extensor of the type 
indicated by its indices. Later we shall assumiie that. it is stuch tlhat. 
UcaaTcaa is the ilth order intrinsic derivative of the vector Ua. 

Expanding the intIrinsic derivative in question, we obtain 

a(UaaTC a) /6t = Ua(fTaaT+Ua Ta UcTaaLb 

We next express U,a' and U,a in terims of U*aa -the corresponding 
quantities for the next higher value of M, M+1. Evidently, 

Ua = Ua 1 

[ A)J [ AI?1 MAI+1J Ua*(M+1>t) 

M+1-A I 

M+1 U Aa 

while U<taa [j,z3I U .(M-A) 

A+1 
M+ 1UA-t- I a L 
M+1 
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Substituting these expressions into the first equation, we get 

6( UaaTcaa)/ait 

m. [MI-i-a ax-41 (a 
=' L M+1 U*aaTc aa+ M+ I U*a+1 a (Tc a_TbaaLb)J 

Setting aside the zero element of the. first term and replacing ax with a -1 
in the second term we have 

6( UaT_ T aa) /16 = Uo a TcOa 

M+1 M - TIaaI- a (T -1 TbaL 
I- I UI~ + MI- .Lb 

Applying the quotient law, we are led to the conclusion that the quan- 
tities D1T| caa defined by 

(2) DIT coa= TCa; 

M+i- A A_ 
D,Tf a = M+i TCAa+ M+ I (T.A-1a' -TbA-1 .aLb) 

constitute the components of an extensor of range M+1. We shall 
call the quantites D1TI ca the extensive derivative of the extensor TCaa, 
or if it is necessary to distinguish it from the preceding extensive deriva- 
tive, the lower extensive derivative. 

Since the Kronecker delta a'a may be regarded as a special extensor 
(M=O) of the type T aa, we may compute its extensiye derivative and 
assert that the result is an extensor of the type Ta with M= 1. Ob- 
viously, this proce,s may be repeated as often as desired. We shall call 
the resulting extensor the laawaguchi extensor." Turniing to the de- 
tails of the calculation, we take as our first choice for T.xa the Kronecker 
delta a,a and set M= 0. Computing the first lower extensive derivative, 
we get 

Dl oaac; Da ia=-La., M=1. 

To obtain the components of the second extensive derivative D2a1aaC, 
we let Taac be D161aa , thus Toac = ac; Tac= -Lac; M= 1. Computing 
we have 

Da1 oa==a; D2J ld =(--La)+i(-La.)=-L 

])2aJ 2ac =-La,'+ La.Lb. 

*See reference 1, equation (13. 12), page 108. Kawaguchi's notation for these 
quantities conceals their extensor character, however he was probably the first to en- 
counter them. After reexamining his workc, I have discovered to my surprise that al- 
though our purposes and conclusions are different there is some overlapping in content. 
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Continuing the process, we get for the tlhir(1 derivative, 

D3 oa_a, 
= 36 lac- 2/3La,+1/3(O-La) =La.; 

D36 c= 1/3( -La' +LabLbC) +2/3(-L ' +L LB = -La' +La LbC. 

D 3aJ- (-L cLbLb C)-(-Lab'+LadLdb)LbC. 

Thus the general rule for computing the higher order extensive 
derivatives of the Kronecker delta in case the subscribt is to retain its 
tensorial character is as follows. To obtain any class of components 
after the class in which a is zero, differentiate the preceding class and then 
sub)tract the contraction of this class with L,b with b the dummy index. 

To compute the Mth order intrinsic derivative of Ua directly, 
i.e., without first computing the preceding derivatives one may proceed 
in this manner: Start with the Kronecker delta and write out the Mth 
order lower extensive derivative by the rule just stated leaving sufficient 
room between the classes for subsequent contraction by the extensor 
Uaa. In the present case binomial coefficients are incorporated in the 
Uaa while inthe preceding case they are incorporated in the extensive 
derivative of the Kronecker delta. 
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Equations Invariant Under Root Powering 
by E. J. IINAN and V. V. Mc RAE 

Introduction. One of the operations sometimes performed in the 
study of algebraic equations is the formation of an equation whose 
roots are some positive integral power of those of a given equation. 
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For example, the Graeffe method* of solving equations depends upon 
such a process. Obviously, there are soImle equations such as (x- I)n= 0 
which are invariant under such an operation since each root remains 
unchanged. Also x2+x+ 1=0 is invariant under the root squaring 
process although each root is changed. The purpose of this paper is: 

(1) To present a method of obtaining expressions for the 
roots of all polynomial equations of any degree which remain in- 
variant when their roots are raised to any given positive integral 
power a. 

(2) To obtain all irreducible equations with rational coeffic- 
ients which remain invariant when their roots are raised to any 
given positive integral power a. 

2. Conditions for invariance. ILet 

(1) f(x) =x'7+c1xk-l+. +ck,lx+ck= 0 (ck? O) 

have the k distinct roots ri. It is proposed to find the conditions on the 
ri so that the equation whose roots are ria where a is a given positive 
integer is also f(x) =0. Since most of the work is done on tha roots 
rather than on the coefficients it is convenient to represent the roots 
of f(x) =0 as the unordered set S: (rl,r2, *r) and their ath powers 
as the set Sa. If S= Sa the set S will be called invariant zunder a-powering, 
or invariant, and f(x) = 0 will be said to a-power into itself. Thus one 
says that the set (l,i,-i) is invariant under 7-powering but not invari- 
ant under 4-powering and that (x-i)(x2-X+ 1)=0 7-powers into itself. 

Hence assuming S=Sa and a> 1, what are the conditions on the ri? 
Beginning with ri form the sequence r1,rla,ria2, ,r* * -.-.. Since all of these 

quantities are in S;= Sa there is a first one r1lj for which 

(2) r,a 9 = raf (f < gy) 

a a2 ag Then the set S1: (r1,rl ,r1 * ,r'ri ) is a subset of S consisting of g 
distinct elements. Since the elements of Sa= S are distinct the elements 
of Sla are distinct, from which one gets 

(3) r, = ri. 

From (3) and the formation of S1 it follows one could have used 
any of the elements in S1 as the first element and the others would 
be expressed as powers of it. This amounts merely to a cyclic 

*Although the Graeffe method is not applicable to equations which are invariant 
under root-squaring, this fact is not mentioned in the articles on the subject examined 
by the authors. Of course, such equations may be solved by first applying a suitable 
transformation to the roots. 

http://www.jstor.org/page/info/about/policies/terms.jsp


EQUA\TIION I NVARIANT UNDER Rooi' PO\\E!RING 31 

permnutation of the elemlents. I-ncee any two.such sets, with the same 
a, having oi0e eleiment in comnimon are identical. From (3) and the 
coliditioii c,$0, it follows that r, is a root of uniity wlhose period divides 
a9-1. If g<k there is an elemlent of r2 of S not in Si fromn which a set 
S2 may be formed having no elements in common with Sl. This process 
may be continued uLntil S is exhausted. Finally if the period of ri is d 
and if sd=aa- 1 where g is minimal and positive, then rd =rjsd= =rja9-l= 1 

and ria9= ri fron) which it follows Sla= S1. 
These results are stated in 
Theorem 1. Let the roots r,,r2, ,rk oj'J(x) = 0 form the set S. A 

necessary and sufficient coniditionl that S= Sa where a is any positive inte- 
ger is that S be a stm of nonoverlapping sets such as Sl = Sla where ri is a 
root of utnity whose period divides al - 1 where g is minimal 

3. Determination of all invariant sets. To find all sets S of order k so 
that S=Sa for a given a is essentially a imiatter of first finding all sets 
of the type S, for which S, = S,!, and then formiing all possible sets S of 
order k consisting of sums of sets of the type Si. If an invariant set S of 
order k is not a sum of iiivariant sets of smaller order it will be called 
primitive. Otherwise S is imprimitive. The problem of finding all sets 
S1 for a given a and g will liow be considerd. Since by Theorem 1, the 
period of ri is adivisor of a0-1, the elements of S, are among the (ag-l)st 
roots of unity. These numbers formi a cyclic group G of order ag-1 
under multiplication. Thl- set S, is a cyclic subset or J set of order d 
and power a of this cyclic group.' Hence the problem of determining 
all primitive invariant sets S, of order g so that S=S1a may be solved 
by determining all cyclic subsets of order g contained in the cyclic group 
of order ag- 1. 

If R is that root of unity whose ampiitude is 27r/(ag-1) then the 
elements of G are Ri (i=1,2,. . ., a0-1), the last being the identity 
element. It is more convenient here to represent G as an additive group 
whose elements are 1,2, , a0- 1, with addition performed modulo 
ag- 1. A correspondence between the two representations of the group is 

(4) Ri ---i(i =1,2, --- O9-l1). 

The method of determining all sets S, for a given a and g will be 
made clear by the following illustration. Let it be required to find all 
primitive sets S, of order 6 which are invariant under squaring. Here 
a= 2 and g_ 6 and by Theorem 1, r, is a 63rd root of unity. Hence it is 
required to find all cyclic subsets of order 6 and power 2 con- 
tained in the cyclic group G of order 63. A necessary2 and sufficient 

1 For a definition and discussion of cyclic subsets see E. J. Finan, Cyclic Subsets 
of a GrouP, Duke MIathematical Journal, v. 12, No. 3, September, 1945, pp. 509-513. 

2 Ibid., Theorem 1, p. 510. 
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con(litioln that G con-tain-i a cyclic subset of order 6 and power 2 is thcat G 
contain an element ri of period e such that 2 belongs to 6 modulo e. 
An element of G is of period 63, 21, 9, 7, 3, or 1. By trial, 2 belongs to 6 
modulo 63, modulo 21 and rnodtLlo 9. Since 0(63) =36 and since all 
the elements of a cyclic subset are of the same period there are six sets S1 
each containing 6 elements of period 63. Similarly there are two 
sets S1 eaclh containing 6 clemiients of period 21 and one such set con- 
taining elemnents of period 9. There are no other primitive sets of order 
6 which are invariant under squarilng. In the following rectangular 
array each row contains a cyclic subset of G. The first 6 rows contain 
eleinents of period 63, the next two rows elemcnts of period 21, and the 
last row elements of period 9. Each row is a primitive set invariant 
under squaring. 

1 2 4 8 1,6 32 
5 10 20 40 17 34 

11 22 44 25 50 37 
13 26 52 41 19 38 
23 46 29 58 53 43 
31 62 61 59 55 47 
3 6 12 24 48 33 

15 30 60 57 51 39 
7 14 28 56 49 3 5 

Since 2 belongs to 3 mod 7 and to 2 mocl 3 and to 1 mod 1, the 9 ele- 
nints of G not appearing in the above array fall into two sets of order 3 
ind one each of order 2 and 1, all of which are invariant under squaring. 

To restate these results in terms of equations one could write that 
any equation of degrce 6 whose roots are cos 2r/n+i sin 27r/n where n 
runs through all of the entries in any one row of the above array, squares 
into itself. There are no other such equations of (legree 6 except those 
which are products of equations of lower degree, each of which squares 
into itself. 

It may be desirable to know the nuimlber of primitive sets of a given 
order n which are invariant under a-poweriing. This nurnber3 is ex- 
actly f(a,a& -1) )/n = F(a,n) /n where 

F(a,n) = an anli ali j 

and the pi are the distinct prinie factors of n. Thus for a = 2 and n = 6 
there are F(2,6)=26-23-29+2=54 elements that fall into 9 sets of 
order six which are invariant under squaring. These are listed in the 
above illustration. 

3 For a derivation of this result and a discussion of the number theory functions 
f and F, see Ibid., p. 512, and L. E. Dickson, History of thte Theory of Nmnbers, v. 1, 
respectively. 
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4. Irreducible inzariant equations with rational coefficients. Let it 
be required to find all rationally irreducible equations f(x) = 0 
of degree n with rational coefficients which a-power into themselves 
In view of the above discussion, in the complex field f(x) may be written 
in the form f=f'f2 *f1 of degrees nl,n2, * * , n, such that E ni = n and 
fi divides Xani _1 for i= 1,2, t. First assume that t= 1 so that f(x) 
is not a product of polynomials of lower degree each of which a-powers 
into itself. Then f(x) divides a 1. As explained above the roots of 
X _ 1 = 0 may be represented as an additive group G: (1,2,3, , a- 1). 
The problem then is to find all cyclic subsets, of order n, of 
G whose elemnets correspond under the isomorphism (4) to the n numbers 
R' which are the roots of an equation with rational coefficients. 

If G contains a cyclic subset of order n then G must contain an 
element4 r of period d so that a belongs to it modulo d. Since d divides 
an-1 the roots of xd_1=0 occur amonig those of Xan-l-_=0. Under 
the isomorphism (4) the roots of xd-1= 0 correspond to those clements 
of G which are of the form k(a-n -1) /d where k assumes the values 1,2, ,d. 
This last set of d numbers is a cyclic subgroup of G and its +(d) gener- 
ators are given by those vaiues of k which are prime to d. However the 
equation of degree 0(d) whose roots are the numbers corresponding to 
k(an- l)/d where k runs through the set of numbers less than d and 
prime to d, is the cyclotomic5 equation Ald(x) = 0 whose roots are the primi- 
tive dth roots of unity. It is Lonvenient to say 4',(x) =0 is determinled 
by d. This equation which has rational integral coefficients is known 
to be irreducible. Hence the roots of f(x) = 0, which is rational, must 
be among the roots of the irreducible cyclotomnic equation of degree 
+(d) dletermined by d. The only possibility is forf(x) to be this cyclotomic 
polynomial fromn which follows ?(d) = n. Thus if t = 1 and if f(x) = 0 of 
degree n a- powers into itself, then an 1 has a divisor d such that +(d) = n. 

Now if t >1 and f is a product of polynomials in the complex field 
eaclh a-powering into itself, the corresponding cyclic subset has the 
strtucture S: (rjj,r12, * * rlnl; r21,r22M* r2n 2; * * rk,r;2,- * , rknk) where a 

belongs to ni mnod di while nj+n2+. +nk=it and each of the subsets 
of order ni is invariant under a-powering. As before the ele- 
ments in the first subset correspond to numbers which are 
among the roots of the cyclotomic equation of degree o(d1) de- 
termined by d1. Similarly the elements of the second subset of S 
correspond to numbcrs which are among the roots of the cyclo- 
tomic equation of degree 0(d2) determined by d2, etc. Now no two 

4 See footnote on page 42. 
5 For a discussion of cyclotomnic equations see C. C. AMacDuffee, Introduction to 

Abstract Algebra, pp. 105-108, or Bieberbach-Bauer, Algebra, Berlin, 1928, p. 228 et seq. 
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cyclotomic polynomials have a commiinon factor unless they are identical. 
But sinice f(x) is irre(lucible, it follows that the cyclotolnic equation 
whIose roots corresL)ondl under (4) to any subset of S is the same as the 
one whose roots correspond to anly other subset of S or that the one 
cyclotontmic e(luation contains all the roots that correspond to the ele- 
irLents in S. Hence q(d1) =n. Also from the above discussion it follows 
that all of the subsets in S are of the same order and that n = kni. Thtis 
all of the roots off(x) =0 are among those of Xan-1-1 =0. 

Now suppose that an_ 1 has a divisor d such that (d) =n. Then 
the cyclotomic c(luation of degree ?(d) determined by d a-powers 
into itself. To show this let the set S1: (l,r2,r3,- - rg(d)) correspond 
to the roots of the cyclotomnic e(luation dceteriminecd by d. It is a cvclic 
subset of the additive grotup modulo d represented by G1: (1,2,3,., d). 
Since a is prime to d and since S a= (a,ar2,ar3, , arc(d)) it follows6 
that S1a=S1 or that the cyclotomic e(luation a-powers into itself. 
This concludes the proof of 

TIheoremll 2. A necessary an-d sifficient condition that there exist an 
irredutcible rational eqzatWion f(x) = 0 of degree n which is invariant under 
a-powering is that a n 1 contain a factor d sutch that ?(d) = n. Then f(x) 
is the cyclotomic polynomial 4lId(x) determined by d. 

As an illustration suppose it is re(luired to find all irrecducible ra- 
tional equations of degree 6 that are invariant under root-squaring. 
Here n-6, a=2, and an-1=63. Since 63 has two divisors such that 
(d) = 6, there are two such e(luations. They are 

4199(X) = (X9- 1) /(X3- 1) = X6+X13+ 1 = 0 

and 47(X) = (X7- 1) /(X- 1) X6+X5+X4+X3+X2+X+ 1 = 0. 

The corresponding cyclic subsets are S1: (7, 14, 28, 56, 49, 35) and 
S2: (9, 18, 36; 27, 54, 45). The first consists of one set of order n=6 
while the second illustrates the latter part of the above discussion with 
k=2, nl=n2=3 and n=6. 

If a=2 and n=7 then a"-1=127 which contains no factor d for 
which 0(d)=7. Hence there are Iio irreducible rational e(luations of 
degree 7 that are invariant under root-squaring. Of course, there are 
reducible equations with rational coefficients of degree 7 such as X7-1=0, 
which square into themselves. 

6 See, for example, C. C. AlacDuffee, Op. cit., p. 24. 
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On Graphical Approximations To the Mode 
by FIAROLD D. LARSE-N 

Textbooks on statistical methods contain a variety of formnulas 
for approximating the mode of a frequency distribution. Each of these 
formulas is of the form, Mode= b'+wF, where b denotes the lower boun- 

fm 

fbX 

fa 

b-w b M bow b+2w 
Fig. 1. Mode =b+wF1. 
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dary of the mrodal class, w denotes the class width, and F is a proper 
fraction that vaties fiom formula to formula. If I'm is the frequency of 
the modal class, fa the frequenicy of the class just above the modal 
class, andfb the frequency of the class just below the modal class, then 
the more common expressions for F are the following:* 

fm 

I I _ 

b-w b M bow b+2w 
Fig. 2. Mode= b+wF2. 

*For proofs of these formulas see C. H. Richardson, Ant Inttroduction to Statistical 
2lysis, revised edition. New York, I-larcourt, Brace and Company, 1944, pp. 80-86. 
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(1) F1= fa+fa 

(2) ~~~~3fa fb (2) r2 =2( ); 
2(fa+f b) 

(3) F3= 3f+rf 
2 (f a +fm +fb) 

frn fb (4) F4 2f fafb 

f f 

/-1- 
i 

b-w b I b+w b+2w 
Fig. 3. MUode=b+wF3. 
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Of these four expressions, F1 is the most populat. It results if one 
assumnes that the imode is at the centroicl of two weights, Ja and fb, sus- 
pendecl respectively at the upper and lower boundaries of the modal 
class. Contrariwise, if it is assuml-ed that these same weights are sus- 
pended at tl:e mid-points of their iespective classes, F2 results. The 
value for F3 is obtained under the hypothesis that the mode is situated 

fm 

m~ 

b-w b M b+w b+2w 
Fig. 4. MT1ode=b- +wF4. 
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at the centroid of th ree weigh ts, fa, fm, and fb, each suspended at the mid- 
point of its class. Finally, F4 results from the assumption that the 
mode is equal to the abscissa of the maximum point on the parabola 
which passes through the three points, (xa,fa), (Xm.fm), and (xb,fb), where 
xi denotes the mid-point of the particular class. 

Graphical methods for obtaining F4 from the histogram are well 
known. However, it does not seem to be as well known that the values 
of F1, F2, and F3 inay also be obtained by simple graphical methods. 
These methods are described below. Since the proofs require at most 
simple analytic geometry, they are omitted here. 

The following figures are self-explanatory. In each case, only three 
rectangles of the histogram have been drawn. The construction for F4 
is included for completeness. It is of interest to note that the easiest 
geometric construction corresponds to the most complicated algebraic 
determination of the mode. 

The University of NVew Mexico. 

A Number System Without a Zero-Symbol 
by JAMES E. FOSTER 

''Conceived in all probability as a symbol for an empty column on 
a counting board, the Indian sunya was destined to become the turning 
point in a development without which the progress of modern science, 
industry, or commerce is inconceivable. "-Tobias Dantzig in Number, 
the Language of Science. 

M\Iodern science, industry, and commerce have been possible be- 
cause of an easily manipulated number system. This system is an 
historical consequence of the discovery of a zero-symbol. Does it 
follow, however, that an easily manipulated number system is impossi- 
ble without the use of this symbol? 

Consider a system (to be called the 0-less system) consisting of the 
nuinerals 1, 2, 3, 4, 5, 6, 7, 8, 9, T in which the numerals 1 through 9 
correspond to their counterparts in the decimal system and in which T 
has the same value as 10. In this system, the following sequence would 
exist: 

*.. 9, T, 11 19, 1T, 21. 99, 9T, T1, T2. T9, TT, 111 
.999, 99T, 9T1, 9T2. 9T9, 9TT, Tl . T99, T9T, TT1 

TT9, TTT, 1,111. 
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Sequences in the 0-less system, it will be noted, follow the same 
general pattern as those in the conventional decimal system which do 
not inciude nunmbers having 0 as a component part. Sequences involv- 
ing numbers including T are consequences of this pattern in the absence 
of a zero-symbol. Thus, the successor of T is 11, that of 9T is TI, that 
of TTT is 1,111. In general, in the successor number T is replaced by 1 
and its predecessor nuineral is increased in value by 1. The nth 
power of T consists of (n-1) 9's followed by T. (T3=99T; T4=999T; 
T'= 99999T). The multiplication of any number by Tn (where n is a 
positive integer) is written by subtracting 1 from that number and fol- 
lowing the difference with Tn expressed as a number. (15xT=14T; 
15 x 99T= 1499T; TTT x 9T= TT99T). 

The foregoing characteristics of the 0-less system determine the 
operations involved in addition, subtraction, muiltiplication, and 
division. Comparative operations under the decimal and the 0-less sys- 
tem follow for illustrative purposes: 

A ddition: 
1,309 1,2T9 
2,010 1,9TT 

3,319 3,319 
Subtraction: 

7,568 7,5G8 
3,459 3,459 

4,109 3,9T9 
Multiplication: 

105 T5 
246 246 

630 62T 
420 41T 

210 ITT 

25830 2582T 
Division: 

246)25830(105 246)2582T(T5 
246 245T 

1230 122T 
1230 122T 

Since the multiplication of a number by Tn is indicated by sub- 
tracting 1 from the number and following the difference by Tn written 
as a number, the transformation of a fraction having Tn as a denomni- 
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nator to one in which the denominator is a greater power of T 
is a simple operation. (17/9T= 16T/99T) As a consequence, the 
manipulations involving decimal notation are possible in the 0-less 
system. It is true that the absence of a zero-symbol precludes 
the use of the decimal point in writing fractions having values less 
than 0.1. Such fractions, however, can be written in the 0-less 
system in the form m(T-n). Thus 0.015 in the conventional systemn 
is equivalent to 15(T-3) in the 0-less system. For convenience in add- 
ing decimal fractions in the 0-less system, the power of T of the largest 
valued fraction can be indicated, and the numerators of the others can 
be written as they would in the conventional system with the O's fol- 
lowing the decimal point eliminated. As an illustration, consider the 
addition of identical quantities in the conventional and the 0-less sys- 
tems. 

.719 719(T-3 
.0235 235 
.604 5T4 
.00173 173 

1.34823 1.34823 

It will be noted that it is not necessary in the 0-less system to 
transpose decimal fractions to the highest negative power of T as a pre- 
liminary step to addition. 

The foregoing manipulations indicate that the 0-less system has 
substantially the elasticity of the conventional decimal system, and 
as a consequence challenges the assertion that modern science, in- 
industry, or commerce would be inconceivable without the zero-symbol, 
even though its discovery happened to be an historical condition to their 
development. While facility in ordinary arithmetic manipulations may 
not be dependent on the symbol, it must nevertheless be realized that the 
development of pure mathematics would have been retarded without it, 
since the study of classes necessitates the identification of the 0-class. 
This paper, therefore, is not to be interpreted as an argument that the 
values of the zero-symbol to mathematics are wholly accidental, but 
as a discussion of its alleged essential character in an easily manipulated 
system of numbers. 
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A Note On Line Segments Connected With a 
Triangle and Its Related Circles 

by F. A. LEWIS 

The letters in the accompanying figure have the usual meanings 
and the notation generally follows that of Colleke Geometry* by Alt- 
shiller-Court.l 

From similar triangles KGC =rp' 

K'C p~~ 

Similarly, l'A Mrlaf'B = 
KCLA MB r 

(1) K'CL'A M'B p p 

*See pages 71-75 for relations used in the simplifications. 
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By takinig the stum and prodtict of 
2 KC =2RA'K 

LA = 2R B'L 
~2 MB 2R C'll, 

we may prove 

(2) KG+LA2+MB2= 4R2 - 2Rr 

(3) K C .LA MB =2R2r. 

Similarly, 

(4) K'C C2L'A2+ i'B2 8R2-+ 2Rr 

(5) K'C L'A .I'B 2R2p 

(6) K'A'+?L'B'+ 1M'C'= r=+r"+r' 

(7) K'A'*L'B' ,I'C'R= 2 

2 

(8) A'K+B'L+ C'il= 2R-r 

(9) A'K B'L C'll-_R2 

University of A labamia. 
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Current Papers and Books 
Edited by 

II, V. CRAIG 

This department will present conmments on papers previously pub- 
lishecd in the MiATHEIN,IATICS AIAGAZINE, lists of new books, ancd book re- 
views. 

The purpose and policies of the first division of this department 
(Commiients on Papers) derive directly from the miajor objective of the 
MI,ATHEIMATICS MAGAZINE which is to encourage research ancd the pro(luc- 
tion of superior expository articles by providing the means for prompt 
publication. 

In order that errors miay be corrected, results extended, anld interest- 
ing aspects further illuminated, commilents on published papers in all de- 
partments are invited. Commllaents which express conclusions at variance 
witlh those of the paper under review should be submitted in duplicate. 
One copy wil be sent to the author of the original article for rebuttal. 
Commiients which extenid the results of a paper should be linmite(I to two 
typewritten pages, longer- articles should be subnmitted to the Resezarch De- 
partment. 

Commliunications intende(i for this departmiient should be addressed to 
IH. V. CRAIG, Departmnenit of Applied Mathematir>, 
University of Texas, Austin 12, Texas. 

Matlhemiatics for Exterior Ballistics. By G. A. Bliss. John \Viley & Sons, New 
York, 1944. vii+128 pages. $2.00. 

This book of six chapters and five tables gives an exposition of some of 
the mathematical devices used in calculating the trajectory of a projectile. 

Chapter I indicates how artillery officers make use of maps and range 
tables. Chapter II sets up the differential equations for the standard trajectory. 
The Siacci theory, based on the assumiiption of low elevation firing, is explained in 
Clhapter III. The next chapter takes up the integration of the stan(lard equations 
either by the method of successive approximations, using Simpson's rule and inter- 
polation formulas, or by use of the differential analyzer. Chapter V deals with correc- 
tions for following and cross winds, air density variation, etc. by use of functions of 
lines and adjoint systems of differential equations. The final chapter, Bollmbing froml 
Airplanes, describes some of the mathematical problemns involved and a linkage 
for solving the problem of hitting a target. 

To a mathemiiatician Chapters IV and V may well appear the niost interest- 
ing: nunmerical integration and the applicationi of functions of lines and adjoint differ- 
ential equations. It will be interesting to compare Chapter VI Nvith the corres- 
ponding information concerning actual practice in World War II, when it is 
released. The book under review serves wvell as an introduction to more extensive 
specialized treatises. It gives also a good example of the difficulties inherent in any 
application of mathematics to physical sciences. 

Virginia Military Institutte. WV. E. I3YRNE. 
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Plante and Sphlerical Trigononmetry. By 1-. A. Simiiions. Johln Wiley and Sons, 
In1c., New York, 194.5. 387 pages, 116 pages of tables. $3.00. 

This text begins with an exposition of rectangular Cartesian coordinates and then 
proceeds to the general definitions of the trigonometric functions. The text is charac- 
terized by its precision and care in statement of definitions. The author gives ample 
attention in the definitions to the functions of the quadrantal angles and to the failure 
of the definitions when division by zero arises. By use of the (1,1,/2)-triangle and 
the (1,+3,2)-triangle the author brings to the student in a clear manner the deriva- 
tions of the functions of the positive and negative odd multiples of 450 and 300, 
respectively. Chapter I closes with the definition of polar coordinates, the projection 
of a directed segment, and the definition of a vector. 

Chapter II deals with the right-triangle definitions of the functions. At the end 
of this chapter forty-one problems are given. These problems are classified in groups 
as to subject matter. In this chapter, computation with approximate numbers is appro- 
priately discussed. On page 47 a very useful table is given showing the corresponding 
accuracy in the measurements of lengths and angles. 

Chapters III and IV deal with identities and reduction formulas, respective- 
ly. The author follows the desirable rule of expressing the angle to be re- 
duced as an even or old multiple of 900 plus an acute angle. It would have been de- 
sirable in Chapter IV to have shown the use of the reduction formulas in finding the 
value of an angle given the value of the function. This last step is overlooked in mlany 
trigonometry texts. 

''Radian and Mil i'vIeasure" are treated in Chapter V. This chapter devotes seven 
pages to certain approximate formulas on mil measures and their uses in naval and 
nmilitary science. 

Chapter VI treats the graphs of the functions. Chapter VII covers the usual 
material on the addition formulas and their related identities. In Chapter VIII, de- 
voted to logarithms,the author gives two pages to a discussion of the rules for finding 
the log sin - and log tan - for angles ranging from 30 to 00. This topic is well placed. 
In Chapter IX the topics are arranged out of the ordinary. The first of the chapter 
is given over to the solution of right triangles by logarithms. This treatmllent 
is immedliately followed by the four cases in the solution of the oblique triangle with 
logarithms. At the end of this chapter five basic problems on triangulation are given. 
Chapters X and XI treat inverse functions and equations, respectively. These two 
chapters are critically written as to meaning of the principal values and the 
general forms of the angles. 

''Selected Material from Solid Geometry" is the topic of Chapter XII. Those 
portions of plane geometry needed are inserted throughout the chapter just 
prior to certain solid geometry theorems. This helps the student to be con- 
scious of the requisite plane geometry in his solid geometry proofs. The whole 
chapter is built up toward the spherical geometry needed in Chapter XIII 
devoted to "Spherical Trigonometry. " At the beginning of this chapter the definitions 
and theorems of solid geometry immilediately needed in spherical trigonometry are 
given compactly. The development and discussion of the right spherical triangle 
formulas is given very fully. The chapter on spherical trigonometry is written with 
the viewv of being a full course. No special emphlasis is placed on the haversine form- 
ulas in this chapter as is usual in spherical trigoniomiietry built up primarily for the 
theory of navigation. 

"Applications" is the title of the fourteenth and last chapter. This is a splendid 
introductory chapter on navigation. The material on the various types of sail- 
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ings is quite complete-just as complete as is usually founcd in a navigation text. At 
the encl of this chapter ten pages are given on the celestial sphere ancl the use of the 
astronomic triangle. The author leacls right up to the \Iarcq St. F-lilaire methocd of 
navigation. HIe says nothing of lines of position or fixes. 

The text contains appenclices A, B, ancl C on ''Complex Numbers", ''The Slicle 
Rule,' ancl ''Im-portant Formulas.'" There is a set of answers to the ocddl-numberecd 
exercises. Wiley's trigonometric tables are usecl with the text. In these tables a set 
of five-place natural values of the functions with the mil as the unit is incluclecl. 

This is not just another trigonometry text. It is a job clone by a keen scholar 
arid by a teacher who senses class room proceclure and the stuclent's clifficulties. The 
figures are well clone ancl the format very pleasing. The reviewer recommncls an ex- 
haustive examination of this text by anyone interestecl in aclopting a trigonomlletry 
text. 

Louisiana Polytechnic Institute. P. K. SMITH. 

An Introduction to Mathematics for Teachers. By Lee Emerson Boyer. Hlenry 
[lolt and Company, New York, 1945. xvii+478 pages. 83.25. 

This wouldl be an excellent textbook for a college class in methocds of teaching 
mathematics in high school. It is well written,-giving a brief, historical backgrouncd 
anc ai goocd review of each of the four courses cliscussecl. 

Part I. Arithmetic. The effort which man has macle to establish our number 
heritage is clescribecd in an interesting ancd informative manner as is also the clevelop- 
ment of the signs of operations as we know them today. The historical clevelopment of 
improper fractions, irrational numbers, ancd negative numbers is well presentecl. The 
cliscovery of zero-claimecd by Dantzig to be one of the greatest achievemlents of the 
human race-is callecd by Boxer the cliscovery of one of the ocddlest numbers of all as it 
stancds by itself as a unique number incleecl. In chapters III, IV, ancd V, Boyer has 
given the teachers of arithmetic a fine clescription of the fundamental operations of 
acdldition, subtraction, multiplication, clivision, raising to powers, ancd the extraction 
of the square ancd cube roots of integers. A teacher of arithmetic would enjoy the 
presentation of percentage as given in Chapter ViI ancd the clescriptioni of the slicle rule 
ancd its use in Chapter V1III. Chapter IX on clenomiinate numbers is very informative 
as to historical backgrouncd ancd present clay use. The treatment of the metric system 
is particularly goocd. 

Part II. Algebra. _\Ir. Boyer has well clescribecd the relation of algebra to arith- 
metic ancd macle it easy for reacders to realize the power which operations with algebraic 
symbols acddls to corresponcling arithmetic power. The review of the funcdamental 
operations, as appliecd to algebraic quantities, given in Chapters XI ancd XII is excel- 
lent. The application of algebra to the sciences is most interestingly presentecd in 
Chapters XIV ancd XV. The treatment of equations and graphs in this book is par- 
ticularly goocd for the teacher of algebra. 

Part III. Geometry. The beginning of geometry is cleverly clepictecd by M\r. 
Boyer in Chapter XX. The philosophy of reasoning to certain conclusions is told 
most graphically in Chapter XXI. The two kincds of geometry, informal ancd clemon- 
strative, are well (lescribecd in this book, which also gives a list of the most useful 
theorems of Eucliclean geometry with associatecd figures ancd proofs. 

Part IV. Trigonometry. I\'Ir. Boyer gives a short but concise cliscussion of trigo- 
nometry, inclucling a treatment of the properties of logarithms ancd the use of loga- 
rithms in the solution of triangles. 

Texas Technological College. LIDA B. I'lA Y. 
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 HISTORY AND HUMANISM

 Edited by

 G. WALDO DUNNINGTON and A. WV. RICIiESON

 STATEMENT OF POLICY

 The history of mathematics forms the nuclcus of the history of

 civilization; papers which strcss this aspect of the subject will bc wel-
 comc in this departmcnt. The valuc of mathematical history is a func-
 tion of its accuracy. Hcncc the correction of widesprcad crrors will bc
 regarded as an important part of our historical work. Rclationships

 betwcen mathematics alnd other scicnces must always stand in the forc-
 ground if wc arc to think of mathematical history in tcrms of the
 framework of gencral history. The humanistic phasc of the influencc of
 mathematics should not bc neglected if wc arc to consider carefully
 the historical pattcrns of idcas and tlhcir long-rangc developmcnt ovcr
 the centurics. This will help us to appreciatc the grcat cultural heri-
 tagc which the ages havc bequcathed to us.

 Papers which cvaluatc the sublimc achievemcnts of mathematical
 giants in the Golden Agc will find a placc in this departmcnt. Such
 rcscarch is bound to opcn up a vista of victorics of the human mind in

 the past and makc onc optimistic as to the futurc. Furthermorc, it

 will help us to understand the social, political and scicntific milicu in

 which mathematical discovery and development have occurred. Oc-
 casionally t-he historian will uncover soime mathematical fossil, which
 delights the general reader.

 Humanistic implications in mathematical history are of prime im-

 portance, and to some extent the stucly of it may be looked on as a
 recreation. However, articles which are based on primary sources are

 more to be desired than a mere rehashing of already printed material.

 With this in mind, contributors to this department should always
 follow the principle that bibliography is a means rather than an end.
 Let bibliography (often an extravagant display of pedantry) be kept
 to a minimum. In the proper sense, it should help us to avoid duplica-

 tion of work alreadly done. Critical notes on items in a bibliography
 appreciably increase its value.

 It is hoped that articles submitted to this department in the field
 of mathematical history will be varied. In other words, that some will

 follow the biographical method, that some will trace the history and
 development of ideas, and that others will trace mathematics in a given
 nation or region. Send papers to G. Waldo Dunnington, Northeastern
 Statc Collegc, Natchitochcs, Louisiana.
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An Eleventh Lesson in the History of Mathematics 

by G. A. MILLER 

20. Questionable historical stateme,nts. In 1893 a meeting was held 
in Chicago, the proceedings of which were published in 1896 under the 
heading "Mathematical papers read at the international congress held 
in connection with the World's Columbian Exposition." It is now well 
known that in 1897, an important mathematical meeting was held in 
Zurich, Switzerland, the proceedings of which appeared in 1808 under 
the title Erster Internationalen Mathematiker Kongress. If the said meet- 
ing in Chicago was really an international congress as the title of its 
proceedings, which appeared as volume 1 of "Papers published by the 
American Mathematical Society"', indicates the later meeting held in 
Zurich should clearly not now be regarded as the first international 
mathematical congress, as is now commonly done for good reasons as 
will be seen in what follows. 

The custom became well established by the fact that four later 
meetings, which were similar to the noted one held in Zurich, Switzer- 
land, were called in their publications the second, third, fourth and fifth 
International Mathematical Congress respectively. These are the 
meetings held in Paris (1900), Heidelberg (1904), Rome (1908) and Cam- 
bridge (1912). These later meetings were much more largely attended 
by mathematicians from different countries than the said meeting in 
Chicago, which was a comparatively small affair. According to the 
official register less than fifty people were in attendance at this meeting 
and only four of them were from outside the United States, while more 
than two hundred from sixteen different countries were in attendance 
at the said Zurich meeting. Moreover, the planning of this meeting was 
much more international than that for the Chicago meeting. The main 
fact to be emphasized in this connection is that in the history of mathe- 
matics it is frequently necessary to note changes of the meanings of the 
terms used. The said meeting in Chicago was held before the term 
international mathematical congress had received its now common 
meaning in the mathematical literature. This meeting, however, was of 
great importance in American mathematics and the somewhat exag- 
gerated claims made in regard to its international character in some of 
the early American publications may be regarded as natural. The at- 
tending mathematicians however did not hesitate to ignore the fact that 
American mathematicians had so recently called the said Chicago meet- 
ing an international congress when they called the meeting held in 
Zurich in 1897 the first International Mathematical Congress. 
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Since the "History of Mathematics" by D. E. Smith (1860-1944) 
in two volumes (1923, 1925) is found in many of the school libraries and 
hence is read by many before they are in position to verify many of its 
statements it may be useful to consider here a few of the questionable 
statemluents contained therein. These considerations aimn to inspire 
caution on the part of the reader even in the use of historical 
works of reference which have many attractive features and are widely 
tised. On page 126 of volume 1 of this history by D. E. Smith there 
appears the following statement in regard to the well known Greek 
mathematician Heron. "He was able to solve the equation which we 
write in the form ax2+bx;=c, so that the general quadratic equation as 
we know it today was thus fully mastered by the Greek mathematicians.,1 

Since the Greeks at that t:ime knew nothing in regard to the theory 
of ordinary complex numbers, it is obvious that they could not have 
mastered the quadratic equiation as we now understand this statement 
and hence it should be carefully considered by those who would like to 
determine the nature of the historical writings of D. E. Smith, since 
these are widely available appearing, for instance, in various parts of 
the fourteenth edition of the "Encyclopedia Britannica" of which he 
was mathematical editor and to which he contributed the articles on 
the history of mathematics, algebra, arith-metic, finger numerals and 
various other subjects. 

In the third of these lessons, published in volume 15 (1941) of this 
magazine, we considered the history of the quadratic equation and some 
referen,ces r'eatin? to fundamental developments were given there. In 
particular, the graplhic constructions of complex roots of such an equa- 
tion were noted there. Such constructions were evidently far beyond 
the attainments of the ancient Greeks. cf. Miller, Mathematical Gazette, 
volume 12, 1925. It should be emphasized that the development of the 
number concept and the solution of the quadratic equations are closely 
related and such interrelations should be emphasized in the history of 
our subject since this history is greatly simplified by the grouping of 
closely related facts, and this, in turn, tends to develop a deeper insight 
into the subject itself as well as into the theory of mathematics. 

To present further evidences of the fact that the said "History of 
Mathematics" by D. E. Smith contains somne statements which are apt 
to convey incorrect notions relating to fundamental developments in 
mathematics we may note here that Chapter 10 of volume 1 begins with 
the following assertion: "Since this work is concerned primarily with 
the history of elementary mathematics, it would be quite justifiable to 
set its limit at the close of the 17th century. " On the same page it is 
stated that " the algebra that is taught in the secondary schools and in the 
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freshman course in college was practically all in use before 1700. Tlle 
symbolism has changed but little and although the elementary text- 
book is more extensive, it contains no mathematics that was not general- 
ly known before that date. The changes that have been made relate 
chiefly to methods of teaching and to applications of the subject. " 

These assertions relate to a long and very interesting period in the 
development of mathematics, especially in our own land. A history of 
elementary mathematics which would set its limit at the close of the 
17th century could obviously contain comparatively little in regard to 
the developments of elementary mathenmatics in the United States as 
well as those resulting from such international movements as those 
connected with the International Commission on the Teaching of Mathe- 
matics, which was inaugurated during the Fourth International Con- 
gress of Mathematicians, held at Rome, Italy, in 1908. Fronm the 
context it is clear that the quotations in question relate mainly to the 
first developments along certain lines, but the history of mathematics 
is much wider, and even with this restriction the noted assertions are 
questionable. In particular, the elements of determinants are now 
often included in elementary algebra and these were unknownintheir 
present form in 1700. 

On page 25 of volime 2 of the history under consideration it is 
stated that " no trace of the recognition of negative numbers, as distinct 
from simple subtrahends, has yet been found in the writings of the 
ancient Egyptians, Babylonians, Hindus, Chinese, or Greeks. " This 
is a very fundamental historical statement in view of the great impor- 
tance of the negative numbers in the development of mathematics and 
the fact that it is contrary to the views expressed by many other writers 
on the history of our subject. VVhile the ancient Greeks calculated 
with such expressions as a -b and Diophantus gave rules for the multi- 
plication of added and subtracted quanitities into each other, the ab. 
stract concept of negative numbers was not explicitly used by them. 

The ancient Hindus, on the contrary, used frequently abstract 
negative numbers. Brahmagupta (born in 598) placed a dot over a 
number symbol to show that it was to be used as an aciual negative 
number and various other Hindu writers used actual negative numbers. 
In fact, in their astronomical writings the ancient Babylonians used 
such rules of multiplication as are involved-in the symbols 

+-=-+=- and --=+. 

The recognition of debt as negative when a credit is regarded as positive 
is very ancient and the ancient Babylonians used equations in which 
one of the two members is a negative number, as was noted in the eighth 
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of these Lessons, published in volutmne 18 (1943) of this Magazine, where 
a rarge number of other facts in regard to negative numbers were noted. 

The given excerpts from Smith's "History of Mathematics" do not 
aim to convey a complete idea of this history as a whole. A just esti- 
nmate of its value would require a consideration of its strong points as 
well as its weak points. Unfortunately the beginner in the study of 
the history <of mathematics frequently finds it difficult to secure an 
adequiate knowledge of the latter in regard to writers who have become 
popular. D. E. Smith traveled extensively and in various countries 
and made many friends. He occupied various very in,fluential positions 
and is one of the most widely known former writers on the history 
of eleVnentary mathematics. Hence it is especially desirable for the 
student of this history to determine for himself to what extent some 
of his broad observations can be accepted as having been carefully 
considered. 

Such statements as those noted above might profitably be dis- 
cussed with a view to find supporting evidences which may have led 
to their formulation. For instance, it would be interesting to con- 
sider what contributions the ancient Greeks at the time of Heron had 
made towarcls the solution of the general quadratic equation as we 
know it toclay, wlhich might have inspired the remark that they 
fully mastered it. In this connection it woulcd be desirable to consider 
the article by J. Tropfke (1934) in which he gave forward steps in the so- 
lution of the quadratic equation during a period of about thirty-five 
hunclrecl years. The main facts of this article are embodied in the 
third edition of volume 3 (1837) of his well known Geschichie der Ele- 
mentar-Mathematik, where many funcdamental developments relating to 
equations are treated ancd a large number of references are given. 

The historical writings of Florian Cajori (1859-1930) are probably 
even more wicdely available to the American students of elementary 
miathematics than those of D. E. Smith and hence it is desirable that 
stuch stucdents should be in position to have some means of judging 
the reliability of these writings. Many of them are based on the writ- 
ings of the GerInan matheinatical historian Moritz Cantor (1829-1920), 
especially on hi's Vorlesut1ngen uber Geschichte der Mathematik, 
standard work on the subject until the Swedish mathematical historian 
G. Enestroin (1852-1923) directed attention to its numerous errors. 
He noted about 2000 corrections and improvements in the Bibliotheca 
Mathematica, volume 14, page 282 (1914). A considerable number of 
these apply also to the writings of Florian Cajori, especially 
to his " History of Mathematics" (1919), as can easily be verified. 

On page 10 of this history the widely quoted myth that the ancient 
Egyptians constructed right angles by stretching a rope around three 
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pegs, separated by distances in the proportion of 3,4,5, is noted. This 
myth, which seems to be duc to ac mistranslation, is also stated as a 
historical fact by E. T. Bell in his "Development of Mathematics", 
page 64 (1940) although many writers had earlier called attention to 
the fact that it has no foundation. These writers include such well 
known historians as 0. Ncugebauer, Geschichte der Antiken Mathe- 
matischen' Wissenschaften, volume 1, page 122 (1934). 

As evidence of the thoughtless character of some of the important 
historical assertions of Florian Cajori, we notc here that on page 93 
of his history to which we referred there appears the following statc- 
ment in regard to Hindu mathemnat ics. "They advanced beyond 
Diophantus in observing that a quadratic has always two roots". While 
it is true that the existence of two roots of certain quadratic equations 
was recognized by Bhaskara, who was born in 1114, the Hindus 
obviously could not know that a quadratic has always two roots. Even 
the negative roots were usually not considered by them and they knew 
nothing about complex roots. Hence the noted quotation froIn Cajori's 
history is very misleading as regards a fundamental question in the 
history of clement ary mathlematics. 

We shall consider here one more questionable statement from the 
same history in view of its surprising features. On page 149 there ap- 
pears the assertion, " It is one of the greatest curiosities of the history 
of science that Napier constructed logarithma before exponents were 
used." It is well known that exponents appear, at least implicitly, in 
geometric series and that Archimedes already observed, in effect, that 
am n=amn . Moreover, N. Chuquet used in his Triparty (1484) both 
negative and zero exponents with their modern meanings. This work 
does not seem to have had much influence at the time it was written. Many 
other writers used exponents before the time of John Napier (1550-1617). 
It -is true, however, that neither John Napier nor J. Burgi (1552-1632), 
who are commonly regarded as- the founders of logarithms, seems to 
have had any clear conception of what we now generally call the base of 
a system of logarithm. 

The questionable character of the quotation under consider- 
ation becomes more evident if it is noted that it is impossible to determine 
now when exponent s were first used. In mult iplication the ancient 
Egyptians employed successive doubling, which is equivalent to multi- 
plying by different powers of 2, and on page 201 of vol. 1 of his Vorlesun- 
gen uiber Geschichte der Antiken Mathematischen Wissenschaften (1934) 
0. Nengebauer gives a Babylonian table of powers of 9 from 92 to 96. 

Moreover, our common numerical notation represents different powers 
of 10 by different positions. The use of implied exponents seems to be 
very much older than the use of explicit exponents, but the use of the 
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latter should doubtless be said to have preceded the time when Napier 
constructed logarithms, and the quotations in question should inspire 
caution in the use of the writings of Florian Cajori, which are now 
largely out of date but are still widely read. 

We referred above to a questionable statement in E. T. Bell's 
"Development of Mathematics" (1940). This volume is more recent 
than the writings of D. E. Smith and Florian Cajori to which we re- 
ferred and hence one might at first be inclined to think that it containe 
fewer questionable assertions. This view does not seem to be supported 
by the evidences since E. T. Bell frequently contradicts himself 
therein. For instance, on page 112 it is asserted that the com- 
plete divorce of algebra and arithmetic was consummated only in 
the nineteenth century when the postulational method freed the symbols 
of algebra from any necessary arithmetical connotation,'" while on 
page 170 it is stated, on the contrary, that " we shall approach mathe- 
matical structure through the union affected in the nineteenth century 
between algebra and arithmetic." 

In accord with the common use of the terms arithmetic and 
algebra there obviously never was a complete divorce of these sub- 
jects since the time when the subject of algebra was first developed, 
and hence the assertions that they were both divorced and united during 
the nineteenth century seems to have little meaning. At any rate, the 
assertion as it stands seems to be contradictory and such changes as are 
implied therein would require much more time than a single century. 
The main fact connected therewith is however that without a consider- 
able amount of clarification such broad statements are confusing 
and of questionable value to the young reader, who is in danger of 
being misled thereby. It is usually better to start with no ideas about 
a subject than to start with false conceptions thereof. 

On page 159 of this work by Bell it is stated that "the history of 
mathematics holds no greater surprise than the fact that complexnum- 
bers were understood, both synthetically and analytically,before nega- 
tive numbers." It is clear that negative numbers are a special case of 
complex numbers and hence it would be impossible to understand the 
complex numbers without also understanding the negative numbers. 
It might be said that such questionable statements cannot do much 
harm since their contradictory nature can readily be observed. On the 
other hand, it will doubtless save time of many young readers if they 
know beforehand that they may expect to meet with some questionable 
remarks in case they are reading a book whose general style may attract 
their attention but which contains many such remarks. 

Closely related to the remark about negative numbers considered 
in the preceding paragraph is the following quotation from page 158 
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of the volurne in question. "The one glimmer of niat:hematical intelli- 
gence in the early history of negatives is the suggestion of Fibonacci 
that a negative sum of money may be interpreted as a loss. " It should 
be noted that Fibonacci lived in the thirteenth century and is also 
known as Leonardo of Pisa. He wrote a well known book called Liber 
Abbaci of which the second edition (1228) is extant. From the 
facts that the ancient Babylonians used the terms tab and mal as 
we now use plus and minus to represent distances in opposite directions 
from a given straight line, and what was said above about negative 
numbers, it is clear that this quotation can properly be classed among 
the questionable remarks in the given work by E. T. Bell. 

The student of mathematics usually proves for himself the various 
results which he accepts as true but in the history of mathemnatics 
such a course is often not feasible in view of the fact that the 
ground to be covered in the latter subject is much more extensive. 
The study of the early developments of our subject usually leads 
into various ancient languages and into literatuLre which is not easily 
accessible. Hence the mathematical historian who desires to obtain a 
broad view of his subjects finds himself compelled to make use of various 
secondary sources of information. This accounts for the large number 
of errors which appear in historical writings and for the fact that the 
student of the general history of our subject finds it necessary to be ex- 
tremely cautious in the selection of his authorities. 

Extensive references to sources of information imply that the 
reader has access to a large library and is familiar with dif- 
ferent languages. These references are therefore often of little value 
except to mature students. The best work for such students of the 
history of elementary mathematics is the Geschichte der Elementar 
Mathematik by J. Tropfke (1866-1939), which is devoted to the develop- 
ments in mathematics up to, but not including calculus. This work 
appeared in two volumes (1902-3) but later it was revised and enlarged 
and was published in seven volumes, beginning to appear in 1921. A 
third edition began to appear in 1930 but J. Tropfke died 
before its completion. It contains a very large number of references 
and includes many recent developments, including some of those dis- 
covered by 0. Nengebauer in regard to Babylonian and Egyptian mathe- 
matics. The successive editions enabled the author to correct a number 
of his earlier errors, as well as some made by others. Its main ele- 
ment of usefulness is, however, the large number of well selected refer- 
ences and the great care in its statements of conclusions. 

The consideration of questionable historical statements is some- 
what similar to the solution of exercises in a mathematical textbook. 
It serves to clarify ideas and to extend the developments of the text. 
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The answers to historical questions are however usually more intricate 
than those relating to the usual exercises in a mathematical textbook. 
The former frequently involves the consideration of long periods of 
mathematical developments and very gradual changes towards ab- 
stractions and generalizations which were slowly adopted by the public 
-closely related to the questionable statements are the questionable 
portraits of ancient mathematicians. D. E. Smith gives several such 
portraits in volume 1 of his " History of Mathematics " to which we re- 
ferred above. In a review of this volume, published in Isis, volume 6, 
page 43 (1924), G. Sarton said "the inclusion of fanciful portraits seems 
to me a serious mistake." 

Teaching of Mathematics 
Edited by 

JOSEPH SEIDLIN, L. J. ADANMS and C. N. SHUSTER 

This department invites articles on methods of teaching, adaptation 
of subject matter and related topics. Some of the topics of current in- 
terest recently brought to our attention are: the problem of developing 
the individual student in present day large classes; the part played by 
examinations in training mathematicians; the use of the "grade curve" 
versus attainment standards; and how to meet the mathematical needs of 
freshman and sophomore engineers. Papers on such topics or on any 
other subject in which you as a teacher are interested, or questions which 
you would like to have our readers discuss, should be sent to Joseph 
Seidlin, Alfred University, Alfred, New York. 

A Method For the Point By Point Construction 
of Central Conics By Ruler and Compass 

by FLOYD S. hIARPER 

Many interesting anid ingenious methods for constructing conics 
are in the literature, but to my knowledge the simple method outlined 
below is not among them. The justification of the procedure furnishes 
an interesting example of the parametric representation of the central 
coni cs. 

To locate points on the graphs of: 

X2 b2 
(1) ~~~~~~~~~~2 b2 
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use is made of the familiar rectangle centered at the origin whose di- 
agonals are the asymptotes, 

(2) Y -4- b x 
a 

of the hyperbola. 
Solving equations (1) for x we have, 

(3) x=aJy-F j2 

If y is assigned the value Y, 

ay aY 
b b 

from equation (2), and the parametric equations of the conics are: 

{x:f- a2 X2 

1 
b 

=X. 

The problem of finding the x coordinates of points on the ellipse 
and the hyperbola corresponding to y= Y is that of finding the values 
of xIa2X2 and Va2+X2 respectively. If coordinate paper is available 
this can easily be done with the compass. 

C 

\ Q e g~~4 

\~~~~~ L4 r 
_ 

http://www.jstor.org/page/info/about/policies/terms.jsp


A METI-IOD FOR THE POINT BY POINT CONSTRUCTION 57 

In Figure I below use a as a radius with P' as center and strike an 
arc cutting Oy in C, then DC=x, which measured from D along the 
line y= Y locates point P on the ellipse. 

Similarly in Figure 1I below with X as radius and 0 as center strike 
an arc cutting Oy at C', then AC'=x, which measured from D along 
the line y= Y, locates point P on the hyperbola. 

T 

Thle Untiziersity of N\ebraska. 
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Problems and Questions 
Edited by 

C. G. JAEGER and I-I. J. HAMINIILTON 

This department will submit to its readers, for solution, problems 
which seem to be new, and subject-matter questions of all sorts for readers 
to answer or discuss, questions that may arise in study, research or in 
extra-academic applications. 

Problems and questions of interest, as such, are quite worth while 
but those that suggest lines of research or arise from some need are 
especially desired. All contributions will be published with the pro- 
poser's signature, unless we are instructed to the contrary. 

Although no solutions or answers will normally be published with 
the offerings, they should be sent to the editors when known. 

Send all proposals for this department to the Department of Mathe- 
matics, Pomona College, Claremont, California. 

PROPOSALS 

No. 1. Proposed by V. Thebault, Tennie, Sarthe, France. 

In an orthocentric tetrahedron the spheres passing through three 
vertices and the feet of the corresponding altitudes have for radius the 
diameter of the first twelve point sphere and intersect by threes on the 
second twelve point spheres. 

No. 2. Proposed by E. P. Starke, Rutgers University. 

What restrictions must be placed on the four basic points of a 
coaxal pencil of concics, if all the conics of the pencil are to have (a) a 
common center, (b) a common axis of symmnetry? 
No. 3. Proposed by Nev. R. lMind. 

If the medians of a triangle are proportional to the corresponding 
sides, the triangle is equilateral. 

No. 4. Proposed by Pedro A. Piza, San Juan, Puerto Rico. 

Let the integers a, b, c, with c=a+1, be the sides of a right triangle 
Show that 

b2c2+a4= a2C2+b4 

and that this value increased by 3 is a perfect square. 

No. 5. Proposed by Victor Thebauilt, Tennie, Sarthe, France. 

Using once each of the digits 0, 1, 2,.3, 4, a, 6, 7, 8, 9, form a number 
which when increased by one million becomes a perfect square. 
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No. 6. Proposed by Fred Fenider, South Orange, New Jersey. 

A rocket carries half again its own weight in fuel. The fuel is used 
at a constant rate in 100 seconds and produces a jet of velocity 4900 
nmeters per second. How high (to the nearest kilometer) will the rocket 
rise from rest if directed vertically. Neglect air friction, and assume 
the earth's gravitational field to be constant at 9 .8 meters per sec2. 

No. 7. Proposed by Pedro A. Piza, San Juan, Puerto Rico. 

F:ind squares of nine digits a1a2a3b1b2b3c1c2c3- D2 where a, 0, so 
tlhat 

ala2a3 =A2, bb2b3 = B2, cIc2c3= C2 

a1a2a3+b1b2b3+c1c2c3 = F2, 

and c1c2c3b1b2b3a1a2a3 = E2. 

Mathematical Miscellany 
Edited by 

MARION E. STARK 

Every reader will kinidly look upon these words as a cordial invitation 
to send in items of general interest. Let us know (briefly) of unu ual and 
successful programs put on by your Mathematics Club of new uses of 
mathematics, of famous problems solved, and so on. Brief letters con- 
ceriiing the MATHr,EMATIC S MAGAZINE or concerning other "matters 
mathematical' will be welcome. Let us hear from you. Address: MARION 
E. STARK, Wellesley College, Wellesley 81, Mass. 

1). H. Lehnier gives the value of e to 808 decimal places in a note 
on page 69 of Mllathematical Tables and other Aids to Computation, (II, 
Nuimiber 14) for April, 1946. He is quoting from Peder Pederson, who 
in earlier calculations obtained e first to 404 decimals and then to 
606 decimals. 

"I know of no way in which we can serve our country better than 
by unswerving devotion to a crusade for the improvement of the teach- 
ing of college mathematics, and of no undertaking in which success 
would be more rewarding. " 

T'he Johns Ihopkins University. F. D. MURNAGHAM. 

(See also "The Teaching of College. Mathematics", F. D. Murnag- 
han, in The American Mathematical Mllonthly, October, 1946.) 
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The Oriental abacus and the Amiierican calculating mnachine hCave 
been in comnpetition with caclh other twice recently, with the abacus 
coming out ahead both timiies. In Tokyo, IKiyoshi Matsuzaki, of the 
Japanese Communications Miniistry, finishecl five mnathematical prob- 
lems before Private Thomas N. Wood of Dcering, Mo. The second 
contest (addition, subtraction and miultiplication) took place in this 
country with P. T. So, a Chinese stuclent from Canton now studying 
finance at Columbia University, defeating by eight seconds Miss D)orothy 
Boudreau from the \WOR payroll department. This occurred on the 
"Better Half" broadcast of Station WOR. The abacus can be carried 
in a brief case, anothec- advanitage it possesses over the mnachirne; but 
the machine lists the nuinbers added or muultiplicd and perfornms the 
desired operations, while with the abaccus onie cannot cari-y out division 
and must do multiplication meintally. 

"Here is a brief exercise for you. Given sides b and c and angle A, 
Apprentiec Scainman McSweeney desires to find a; and someiwhat un- 
wisely uses the Law of Cosines and logarithms according to the fol- 
lowing ingenious method. He finds log b and doubles it, cadds to that 
the double of log c, subtracts the sum of Lhe logcarithms of 2, of B, of c, 
and of cos A; halves the net; looks up the anti-logarithnm, and to his 
instructor's great disgust produces the correct result. A/S McSweeney 
is annoyed at the grade he gets for all this Work; and his instructor is 
curious to find under what conditions this 'method' works, assuming 
accuracy in the computation, Show that the necessary and sufficient 
condition for the validity of the McSweeney method is that the triangle 
be isosceles (the angle A being one of the equal angles)". 

Dartmouth College. B. H. BrOWN. 

Harvard's new computation laboratory, first building of the pro- 
posed science center-, was openied early in January of this year with a 
convention, of two hunidred or nmore mathematicians in attenidance. 
The laboratory is the hoime of "Mark II", at present the largest calcu- 
lating machine in the wNorld. (N. B. An even more impressive "Mark 
III" is being planned at the Navy's request, to provide greater speed 
and flexibility than the present machine.) "Mark II", just now being 
completed, is all-clectrical, vcry rcliablc and twelve times as fast as 
"Mark I", whhich was -used for the Navy during the xvar. 

In the discussions of scicntists attending the convention mcntion 
was madc of much activc rcscarch at prcsent on the subject of "remcm- 
bering" or holding numbers in calculating machincs until the numbcrs 
arc necded later. Thc possibility of convcrting problcis of cconoinics 
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into puie imnathemilatics and then solving themil by calculating machines 
was discussed as a hope of the social sciences for the future. 

At this convention Recar Admiral C. T. Joy, commnianding officer of 
Dahlgren Proving Grounds, is quoted as saying "the new interest in 
miathemcatics might appecar more likely to usher in anl age of recason than 
the new interest in atoimic energy." 

Our Contributors 

James Alexander Shohat,* Professor of Mathematics at the University of Pennsyl- 
vania, died on October 8,1944. His interesting article which appears in this issue was 
accepted for publication by the NATIONAL MIATHENTATICS MIAGAZINE, and now that 
the magazine is being revived we are happy to publish it. 

Professor Shohat was born in 1886 in l3rest-l-itovsk, Russia and attended the 
University of Petrograd, where he received the degree of master of pure mathematics 
in 1922. In the same year he married Nadiaschda Galli, a physicist, who later taught 
at Mlichigan, Mount Holyoke, Rockford College and l3ryn Mawr. They came to the 
United States in 1923, after Professor Shohat had had several years experience 
teaching in Russian universities. 

After several years in the United States at the University of Chicago 
and the University of Michigan, Professor Shohat spent a year doing research 
at the Institute Henri Poincare, Paris. Returning to this country in 1930, he joined 
the faculty of the University of Pennsylvania, where he remained until his death. 

His main fields of research were orthogonal polynomials and approximation 
of functions. In addition to numerous research papers published in American and 
foreign nmathematical journals, he published a monograph, ''Theorie Generale des 
Polynomes Orthogonaux de Tchebichef " in the Memorial des Sciences M-Iathematiques 
series, and was co-author with J. D. Tamarkin of ''The Problem of Moments, " 

the first volume of the new series called Mathematical Surveys, published by the 
American MIathematical Society. 

Professor Shohat was also interested in applied mathematics, and he acted as 
consultant to the David Taylor Model l3asin, U. S. Navy, during the war. 

He wvas a member of the American Mathematical Society, the' Mathe- 
matical Association and the Institute for Mathematical Statistics, and wvas a fellow 
of the American Association for the Advancement of Science. During the last four 
years of his life Dr. Shohat wvas associate editor of the l3ulletin of theAmei-ican Mlathe- 
matical Society. 

His passing wvas indeed a loss to American mathematics. 

Homer V. Craig, P'rofessor of Applied M\athematics at the University of Texas, 
was born in Denver, Colorado in 1900. He attended the University of Colorado 
(A. 13., 1924) and the University of Wisconsin (Ph.D., 1929), and then joined the faculty 
cf the University of Texas. 

His research interests are tensor analysis and related subjects. Professor Craig 
is also known as the author of a textbook on vector analysis. His hobbies are moun- 
tain climbing and the history of Colorado mining camps. 

*A more comprehensive article by J. R. Kline, summarizing the wvork of Professor 
Shohat, wvas published in Science shortly after his death. 
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Edward J. Finan, Professor, Catholic University of America, wNas born in Nash- 
port, Ohio, in 1900. He received the (legrees of 13. S. in E. E. (Dayton) 1922; N1I. A. 
(Ohio State) 1928; Ph.D. (Ohio State) 1930. An Assistant in Mathematics at Ohio 
State University 1926-30, he joined the faculty at Catholic University in 1930 as an 
instructor in MNIcathemratics and hlas taught there without interruption since. Professor 
Finan is a member of the American Mathematical Society and of the Mlathemratical 
Association of America. His chief mnathemnatical interest is in the field of elementary 
number theory. 

Mr. V. V. llIcRae, the co-author of the article ''Equations Invariant Under Root 
Powering, " was a stu(lent of Professor Finan's at the Catholic University. 

Harold D. Larsen was born in WN-arren, Pa., on December 7, 1904. He attended 
the Universities of Michigan and Wisconsin and received his doctorate at Wisconsin 
in 1936. From 1928 to 1933 he was an instructor at Wisconsin. Dr. Larsen camle to 
the University of New Mexico in 1933 and was promoted by easy stages to full pro- 
fessorship. At the present time he is secretary of the Southwestern Section of the 
Mathemnatical Association. He is also a nmemiiber of the American Mathematical Society, 
the Institute of Mathematical Statistics, Amiierican Association for the Advancement 
of Science, and the National Council of Teachers of Mathematics (New Mexico 
representative). Dr. Larsen is the e(litor of the Pentagon, official publication of Kappa 
Mu Epsilon. His hobbies are fishing, uwriting, an(d stamp collecting. 

Fred A. Lewis, Professor of Mathematics, University of Alabacm-a atten(le(d 
the University of Alabacm-a and (li(d gra(luate work at Johns Hopkins Uni- 
versity wrhere he receive(d his (loctorate in 1924. After teaching for a year at Texas 
A. an(d MI., Professor Lew,is cacme to the University of Alabamiia in 1920, an(d was ap- 
pointed hea(l of the (lepartment in 19435. He is a member of the IMIathemratical Asso- 
ciation of America, American Mathemratical Society, an(d Sigma Xi. His mathemnatical 
interests are algebra an(d groups, his hobby, philately. 

George A. lMiller, Emeritus Professor of Mathematics, University of Illinois, was 
born on a farmii, July 31, 1863, in a community where both English mcii( Pennsylvania 
German were use(l. The former was use(d at school, but the latter was nmore commonly 
use(d in the hoimies. At the age of seventeenl he began to teach in the 
local public schools rith a view to earning mnoney to prepare for college an(d to paiy his 
expenses at college. He gra(luate(d at Muhlenberg College, Allentow,n, Pa. in 1887, 
an(1 soon thereafter secure(d the position of principal of the schools at Greeley, IKansas. 
A year later he was electe(d professor of matlhemnatics at Eureka College, Eureka, 
Illinois, where he coul(d (levote nmore time to mathemiiatics. After ho!(litng positions at 
MIichigan, Cornell and Stanford Universities, he came in 1906 to the University of 
Illinois where he has remained ever since. 

The recipient of numnerous honors for his extensive researches in group thleory, 
Professor Miller is also Nvell known to the rea(lers of the NATIONAL MATIhEMiAikTICS 

MAGAZINE for his series of articles on the History of Mlathematics, the eleventh of which 
is published in the present issue. 

The University of Illinois has publishe(d some of his Collected WVorks: volume 
I (1933) 473 pages; volumeII (1938) 337 pages; volume III (19416) 499 pages. Addi- 
tional volumes may be expected. 

James E. Foster, Chief, informational service, Illinois Public Aid Commnission; 
A. B., University of Illinois, 1923; Contributor to technical periodicals in engineering 
an(d related fields; author of original studies of propaganda as a social phenomenon 
lecturer by invitation to classes on public relations and social work at Northwxestern 
University and George WVillianis College; memrber: Publicity Club (Chicaigo),rAmer- 
ican Public Welfare Association, Illinois WVelfare Association; interest in mnathemratics 
is a hobby. 
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Announcing 
An important new text 
By the author of 
Intermediate Algebra for College St,idents 

COLLEGE JALGEBRA 
By THURMAN S. PETERSON 
Associate Professor of Mathematics 

University of Oregon 

It is with great satisfaction that we announce the publication of a 
College Algebra by Professor Peterson, whose Intermediate Algebra 
has been one of the most successful and popular textbooks ever 
published in that field. 

College Algebra applies the same colorful workmanship and effec- 
tive techniques to the more advanced course: 

1. Clear, thorough, precise presentation, coupled with exact- 
ness in definition and accuracy in detail. 

2. Systematic, concise organization of topics. 

3. Numerous illustrations and examples. 

4. Many informational notes. 

5. Abundance of carefully graded problems-a total of 3140, 
of which nearly 400 are stated problems. 

Special features of the new text include a number of important 
new computational methods, emphasis on applications of the sub- 
ject wherever possible, a final chapter on statistical methods which 
contains material new to algebra texts. 

Answers to odd-numbered problems are printed in the text. The 
remaining answers are contained in a separate pamphlet which 
is available without charge at the request of the instructor. 

334 Pages Ptice $2.50 

HARPER & BROTHERS, 49 E. 33d Street, New York 16 
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NEW MATHEMATICS TEXTS 

Analytic Geometry 
and Calculus 

By RANDOLPH & KAC 

In this new text geometry and calculus are treated to- 
gether in such a way that each complements the other. 
Among the notable features of the book are: the early 
introduction of integration; a review of some fundamental 
algebraic notions, such as inequalities and absolute values; 
the strong emphasis of the functional notation. The book 
is printed in two sizes of type. The text is the larger type 
constitutes a fairly formal presentation of the topics 
usually covered in analytic geometry and calculus, while 
the text in small print is intended for those interested in 
more than an intuitive approach to the subject. The prob- 
lems are numerous and are graded according to difficulty. 

$4.75 

College Algebrca 
Alternate Edition 
By PAUL R. RIDER 

Identical with the original edition in its textual content, 
this new alternate edition is equipped with a completely 
new set of exercises. By using both editions the teacher 
is given an opportunity to alternate assignments and thus 
keep succeeding classes from becoming too familiar with 
either group. 

$2.50 

THE MACMILLAN COMPANY 
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